WORKSHOP ON RATIONAL POINTS AND BRAUER-MANIN OBSTRUCTION

OBSTRUCTION GUYS

ABSTRACT. Here we present an extended version of the notes taken by the seminars organized during the
winter semester of 2015. The main goal is to provide a quick introduction to the theory of Brauer-Manin
Obstructions (following the book of Skorobogatov and some more recent works). We thank Professor Harari
for his support and his active participation in this exciting workshop.
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1. TALK 1: A FIRST GLANCE, PROFESSOR HARARI

Notes taken by Gregorio Baldi
The aim of the lecture is to define Hasse principle, weak approximation and give a few easy examples. Then
we recall some basic stuff on the Brauer group, finally the definition on Brauer-Manin obstruction, with
more examples, results and conjectures.

The prerequisites should be:

a) some basic algebraic geometry (definition of a scheme, first properties of morphisms [ D
b) basics in étale cohomology ([ D
¢) some global class field theory, say the main results in [ ]

1.1. Galois and Etale Cohomology.

1.1.1. Group Cohomology. Let G be a finite group. Let A be a G-module (an abelian group with an action
of G, given by an automorphism of ). Then one can define, as usual, the cohomology groups

H'(G,A) ,i>0

1.1.2. Modified/Tate Group. One can also have

H°(G,A) = A%/NgA, Ng(x)=Y gz
geG

And can also define
H (G, A),i<0

using homology instead of cohomology.

1.1.3. Restriction-inflation. If H is a normal subgroup there is a spectral sequence (Hochschild-Serre)
HP (G/H,H'(H,A)) = H'"(G, A)
From the five degree exact sequence we have

Tes

0 — HYNG/H, AH) L gy (G, A) 7% HY(H, A)
Under the assumption
H{(H,A)=0for1 <i<gq-—1
one has also the exactness of
0 — HUYG/H, AT L, fe(@, A) ™ HI(H, A)
Reference 1.1.1. | ]

‘We list here some useful results.

Proposition 1.1.2. Let G a finite group, for any G-module A the groups H {(G, A) are of card(G)-torsion.
Moreover, if A is an abelian group of finite type, then H*(G, A) are finite.

Corollary 1.1.3. Let G be a finite group and A a G-module which is uniquely divisible, then H' (G, A) are
zero.

Example 1.1.4. Those results, together with the long exact sequence induced by
0-Z—-Q—->Q/Z—0

give us H?(G,7Z) = HY(G,Q/Z) and H'(G,Z) = 0.
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1.1.4. Profinite Groups. Let k be a field, L a finite Galois extension and G its Galois Group acting on L*.
We have HO(G, L*) = (L*)% = k*.
Recall Hilbert’s 90: H!(G, L*) = 0. But in general H*(G, L*) for i > 2 is not zero (!!Brauer Group).
A group G is called profinite it G = %in G; (which is contained in the product of the G;’s) i.e. the
projective limit of finite group. One can give also a purely topological description: G is profinte iff it is a
compact, in the french sense, completely disconnected topological group.

Example 1.1.5. Let K be a separable extension of k. The main example is G = Gal(K, k) := lim Gal(L, k)
where the limit runs over finite extension of k£ contained in K.

Let A be a discrete G module (i.e. there is an action of G on A and every stabilizer is open). If G = MGi

this means that for every = € A there exists L/k finite Galois such that the action of G on z factorizes
thorough Gal(L, k).

Example 1.1.6. Let n be an integer coprime with char k. Actions of G = Gal(K, k) on k", on pu, = {x €
k", 2™ = 1} or the trivial action on Z/n.
If a profinite group G acts on A, define
i>0 H'(G,A)= lm H'(G/U AY)
U<G,open
Notice that G profinite implies G/U finite (by compactness). It is possible to give a description in terms

cocycles: you have to take continuous cocycle w.r.t. profinite topology.

1.1.5. Galois Case. Consider the absolute Galois group of &, which will be denoted G (or G, or even 'y
in what follows), acting on A, then

12>0 H’(G’A) — m HZ(GGZ(L, k),AGGl(L?k))
kCL

Example 1.1.7. H°(G, k") = k*, H'(G,k") = 0, H*(G,k") = Br (k).
Example 1.1.8. Some examples of Brauer groups: Br (R) = Z/2 , Br (Q,) = Q/Z. Here one needs some
local class field theory.

1.1.6. Etale Cohomology. It is an extension of Galois cohomology in some sense which will be explained
in the next talk.

Setting: let X be a scheme, F an étale sheaf of abelian groups over X.;. Then you can define étale
cohomology groups
H'(X,9)
Special case: F represented by a smooth commutative group scheme over X, say G; then we denote it with
HY(X,Gx) = H(X,G x; X). One of the main example is given by the linear groups, i.e. the subgroups
of GL,,. The most important case will be the one of groups scheme coming from k.

Reference 1.1.9. [ 1 [ ]

1.1.7. Non abelian Cohomology. If G}, = Gal(k, k) act on a group A, not necessary commutative we have
H(Gy, A) = A%

and we can define H'(G}, A) using cocyles. It will be not a group but just a pointed set. For any exact
sequence of Gy, modules
l1-A—-B—->C—1

induces a “long but not so long” exact sequence of pointed set:
1 — A% — B9 — ¢% — HY (G}, A) — HY (G}, B) = HY (G}, C)

Achtung. Notice that having trivial kernel does not imply the injectivity of the map. (To do this one has to
twist!)
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If A is contained in the center of B then it is possible to continue the exact sequence with an arrow to
H?(Gy, A). But, even if C'is abelian then the map H' (G, C') — H?(Gy, A) is not a morphism of group.

Reference 1.1.10. [ ]

In the next talk will be given the same construction with the étale cohomology, in particular we will
interpret the pointed set H' (X, G) for G a smooth group scheme. (When G is not smooth one use the fppf
site). The idea is the following: Let X be a scheme, GG x a smooth group scheme over X (G defined over

k), then H'(X, Q) classifies the G x-torsor over G. Intuitively a torsor is Y Iy X where

e f is a faithfully flat.

e and the action of Gx on Y is compatible with f.

e Naive definition in the fibers the action is simply transitive, i.e. if z € X(k), exists a unique
g € G(k) gy1 = ys for any 41,72 € X.(k). Notice that we do not take = € X (k), it could be
empty.

Reference 1.1.11. Skorobogatov [ ], first chapter.

1.2. Picard Group, Brauer Group. Let X be a noetherian regular integral scheme (e.g. a smooth variety
over a field). Under this assumptions we have

Pic(X) = group of Weil’s divisors = Cartier divisors/ Sym
And we always have the “Hilbert’s 90”
Pic(X) = H (X, Gp) = H (X0, O%)

If X is a proper and smooth variety over a filed of characteristic 0 one can define a subgroup of Pic(X):
Pic?(X)=divisors algebraically equivalent to 0.

Example 1.2.1. If X is a smooth and proper curve then Pic®(X) = {D € Pic(X), deg(D) = 0}. Where

deg Z mex | = me[k(az) s k]

x, closed
Proposition 1.2.2. Let X be a proper, smooth scheme over k. There exists an exact sequence
0 — Pic’(X) — Pic(X) — NS(X) — 0

a) NS(X) is finitely generated (and isomorphic to Z if X is a curve, here the last map is just the degree)

b) If L is a field extension of k then Pic’(X 1) = A(L). (L big enough, to have a rational point) Where
A is the Picard variety associated to X: it is an abelian variety of dimension equal to the dimension
dim(HY(X,0x))

Achtung. If char(k) # 0 this is a bit more complicated.
Reference 1.2.3. More on abelian varieties will be discussed in one of the following talks.
Theorem 1.2.4. Let X be an abelian variety, then NS(X) is torsion free.
This is not true in general, e.g. for Enriques surfaces.
Definition 1.2.5. Let X be a regular and integral scheme. Its Brauer Group is Br (X) = H%(X,G,,).

Remark 1.2.6. This is the cohomological Brauer group. Another definition with “Azumaya algebras” can
be given, it is smaller. A result of Gabber says that if X is noetherian, quasi projective variety, then both
definition are the same. But we will work just with the cohomological one. For more details see [ 1.

Theorem 1.2.7. Let X be integral and regular, Br (X) C Br (k(X)). In particular it is a torsion group
(Galois cohomology).

Example 1.2.8. Let k be a field of char 0. It is not hard to prove that Br (P}}) = Br k. Moreover one can
also prove that Br (A7) is isomorphic to Br (k). For P} see Proposition 6.9.9. of [ ], and Theorem 7.5
of [ ] for A7 Itis a nice exercise to deduce the result for P" from the affine case.
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We list some properties.
Reference 1.2.9. [ ]

e Let X, Y are projective and smooth varieties over a field k (of zero char). If X = Y then Br (X) =

Br (Y).
e Exact sequence for X smooth k-variety with n # 0 mod char(k):

0= pin = Gy =5 Gy — 0
gives us
0 — Pic(X)/n — H*(X, i) —n Br(X) — 0
e H.S. Spectral sequence:
HP(Gy, HY(X7,Gp)) = HPM(X,Gy,)
Remark 1.2.10. “Azumaya Brauer Group” corresponds to H'(X, PGL,,) moving n.

1.3. Obstructions. Notation: Let & be a number field. We let €2, denote the set of its places. The comple-
tion of k at a place v is denoted k,,.

Definition 1.3.1 (Hasse Principle). Let £ be a number field, the Hasse principle fails for a k-variety X if
[leq, X(ky) # 0 and X (k) = 0.

Recall that given a topological field (addition, product and inverse map are continuous) k (eg. a local
field) and X a k variety we can give a topology over X (k), called the analytic topology in this way. Given
A™(k) = k x - - - x k the product topology, if X is a closed subvariety of A", the we can give X (k) C A" (k)
the subspace topology. Notice that a map of k-varieties X — Y induces a continuous map X (k) — Y (k).

Definition 1.3.2 (Weak approximation). Let k be a number field. Weak approximation holds for a k-variety
X if the image of the diagonal map

X(k) = [ X(k)
vEQy
is dense in the right hand side equipped with the product topology.

If the right hand side is not empty, this amounts to say that X (k) is not empty and that for any finite set
S C Q, the image

X(k) = J] X (ko)
vesS
is dense.
We end this section stating some theorems we will use often in the following talks.

Theorem 1.3.3. Let k be a number field, Q. its set of places. There are embeddings
iy : Br(ky) — Q/Z

For non-archimedean v, the map i, is an isomorphism. For a real place v, the map inv,, induces Br (k,) =
7./27.. For a complex place v, Br (k,) = 0.

The following is a deep theorem form Class Field Theory.
Theorem 1.3.4. Let k be a number field, €}y, its set of places. Then there is the following exact sequence

(1.1) 0 — Br (k) — @ Br(ky,) = Q/Z — 0
vEQ

Remark 1.3.5. From the Injectiveness of the first map (and the interpretation of the two torsion of the
Brauer groups in terms of quaternion algebras) it follows that the conics in two variables over a number field
satisfy the Hasse principle.

Moreover we will use often also the following generalization.
Theorem 1.3.6. Let k be a global or a local field, then H3(k, k) is zero.
All the proof can be found in [ 1.



1.4. Miscellaneous.

1.4.1. Weil Restrictions. Let k a field of characteristic 0', and L/k a finite extension of degree d. We want
to explain how to get, from a variety Y defined over L, a variety X defined over k. This procedure is called
Weil restriction or restriction of scalars, and we write X = Ry /,(Y). Moreover we want to do this in a
functorial way s.t. group objects go to group objects. More formally we are interested in the (representative
of the) adjoint functor of the extension of scalars:
Homp,(VL,, W) = Homy,(V, Ry /1, (W))
This means, in the affine case, that Ry, ;,(Y) is uniquely described (if it exists) by the following property:
Rp(Y)(A) =Y (AL)
for any A € k-algebra.
We just give the first step of the construction:
RL/k(Ag)) = A]ka

and this is done choosing a basis of L/k and a “change of variables”.
We are ready to produce many examples in a natural way. The proof is an easy exercise.

Proposition 1.4.1. The following hold

o Let X, X5 biregularly isomorphic varieties, X; has strong approximation/WA if and only X5 does.

e Let X = X X Xy, the existence of strong approximation/WA for X is equivalent to the existence
of the same type of approximation n both factors.

e Let X = Ry, (Y), the existence of strong approximation/WA for X over k w.rt S C Q is
equivalent to the existence of the same type of approximation in Y over L w.r.t S’ C Qp, given by
extending the valuations of S.

1.4.2. Induced Module are acyclic. Recall the definition of Induced module. Let G a finite group, H < G.
From an H-module A there is a natural way to obtain a G-module: we define I (A4) := {¢ : G —
A, H-invariant} with the action of G given by (¢9.¢)(¢') := ¢(g’.g). IH (A) are called induced module.

For H < G, Ig(A) is H-induced: we can write G/H = {[g;]} then Iy (H[gi] Agi> and Ig(A) =
ngG Ag = Ilnen H[g]EG/H Apg
Lemma 1.4.2. I (A) are acyclic.
Proof. Consider the following:
HY(G, TH (A) = Hi(H, 18 (A) 25 Hi(H, A)

We claim that this composition gives an isomorphism. The composition at degree 0 is an isomorphism and
both are derived functor, hence universal, hence they coincide. Where we the composition rule of (total)
derived functors, R*(F o G) = R™(F) o G, holds since (—)¢ and Homy, ;) (Z[G], —) send injectives to
injectives thanks to the existence of an exact left adjoint. O

Notice that in the profinite case the result is still true by taking the limit.

n the purely inseparable case one needs to use some “devissage”.
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2. TALK 2: TORSORS, EMILIANO AMBROSI

This talk is divided in two parts. In the first we will define the notion of forsor and discuss some proper-
ties. In the second we will see how this notion is related to the study of rational points.

2.1. Torsors. We start with an example.

Example 2.1.1. Fix k = Q, and G = Gal(Q, Q), we want to study how far is k from having the roots of its
elements. This is parametrized by H'(k, ), since from the exact sequence 0 — p, — G, — Gy, — 0
and the fact that H!(k*, G,,) = 0, we obtain that H*(k, u,,) = lj‘% Torsors arise naturally as a geometric

interpretation of this cohomology group. In fact, for every a € % we cam construct the k-algebra B, :=
k[z]

@ =a) and this algebra depends, up to iso, only on the class of a in the cohomology group. Moreover this
k[z]

algebra has a natural action of 11, = =5, given by the map B, — u, ® B, that send x to x ® z. Observe
that this algebra is trivial (isomorphic to u, with the action of multiplication over itself) if and only if a
is the neutral element of H!(k, j1,,). However the algebra is locally trivial in the &tale topology, since it is
trivialized by the étale-covering Spec(k((,) — k. So the failure of k& from having the roots of its elements
is parametrized by some geometric objects with an action of a group, that are locally trivial in the ¢tale
topology, but not trivial.

Definition 2.1.2 (Torsors). If X is a scheme, G — X an fppf group scheme (not necessary commutative)
over X, we define a X (right) torsor under G as a map Y — X, with a (right) G action, such that there
exists a covering (U; — X) in the fppf topology that trivialized Y, in the sense that Y x U; ~ G x U;
compatible with the action of G.

A sheaf of torsors is a sheaf of GG sets, locally trivial in the fppf topology. A sheaf of torsors is a torsor if
only if it is representable.

Theorem 2.1.3. If X is a variety over a field and G is an group is affine, flat and locally of finite presentation
over X then every right sheaf of torsor under G is representable.

Observe that Y — X is a covering of X, since it is fppf. Moreover Y — X is a trivializing covering for
Y — X since the natural map Y x G — Y x Y, that send (y, g) to (y,y - g), is an iso, since this property
can be checked locally in the fppf topology (i.e. after an fppf base change). We note also that an X -scheme
with an action of G is isomorphic to G with the action of multiplication if and only if the action of G is free
and transitive.
k[z]

" —a

Example 2.1.4.

are [i,, torsors over Q.

Example 2.1.5. Take X = A,lﬁ — {0} and G = G,;, .- Then (l;[fyy; )z is a X torsor under G, .

Example 2.1.6. If £ C L is Galois, then L is a k torsor under the constant group Gal(L, k) since L ® L =~
L".

Example 2.1.7. If X C P" is a hypersurface, then Cone(X) C A" — {0} is a G,,-torsor.

As always we hope that something that is locally trivial can be parametrized by some cohomology group
related to X and G. The problem is that GG is not abelian in general, so that the usuals cohomology theories
can not be used. Suppose that F' is a sheaf of G torsors and choose a cover (U; — X)) that trivializes
F. Given y; € F(U;), then, by definition, there exists a unique g;; € G(Uj;) such that y;9;; = y; in
F(U;j). They are such that g;jg;x = ik, since y;gix = Yr = Yj9gk; = Yigi;jgjk- Moreover, if y; is another
choice of y; we know that there exist a h; € G(Uj;) such that y;h; = y;-, and hence g;j = hi_l gijh; since
vi9id = v; = yih; = vigihj = y;higijh;.

Definition 2.1.8 (Non abelian cohomology). If X is a scheme, G is a sheaf of groups and (U; — X) is a
covering, we define H'((U; — X), G) as the pointed set of {g;;} € G(Uj;) such that g;;g;; = gi modulo
the relation {g;;} ~ {g;j} if there exist h; € G(U;) such that g;j = h; 'gih;.
We define H'(X, G) as the direct limit on the possible cover of X of H'((U; — X),G).
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Remark 2.1.9. If G is a sheaf of abelian group then H'((U; — X), G) is nothing else that the usual Cech
cohomology.

Theorem 2.1.10. There is a bijection between the set H*((U; — X)), G) and the set of isomorphism classes
of sheaves of torsors under G trivialized by (U; — X). Passing to the direct limit we find a bijection of
pointed set between H' (X, G) and the sheaves of torsors under G.

Proof. We have constructed a map, so we have only construct an inverse map. Take a family of {g;;}. We
want to construct a sheaf F and so to every V' — X we have to give a set (V). Consider the sheaves C°
that send every V to [[ G(U; x V) and C}(V) := [[ G(U;; x V). We have a map of sheaves C® — C that
(hi) to (h; 'h;). Then the canonical map U;; x V' — U;; gives us amap fi; : G(U;;) — G(U;; x V') and so
we have a family {f;;(g;;)} of C*(V) for every V. Define now F as the subsheaf of C° made by the inverse
image of this family. We have a natural well defined action of G on F' made by G(V') x F(V) — F(V),
made by (g.z) = g~ ' and so we have just to show that F' is locally trivial. Of course the trivializing cover
is (U; — X). We want to construct an iso G(U;) — F(U;) and so we send a h to (hg;;). This map is well
defined by the cocycle condition since giglh_lhgik = g;k and, clearly, is an isomorphism. O

Now we can do some computations that will be useful in the future. Since Y — X is a trivial cover for
itself, computing H'((Y — X), G) will be pretty easy.

Lemma 2.1.11. Suppose that G, G’ are two algebraic group over k and Y — X is a torsor under G.
Then H'((Y — X),G") is the set of equivalence classes of morphisms f : Y x G — G’ such that
fly,s)f(ys,s') = f(y,ss"), where f ~ f" if and only if exists g : Y — G’ such that f'(y,s) =
a() f(y, 8)g(ys)~L. Moreover, if G = G’ the class of Y is given by the map Y x G — G.

Proof. We know that HY(Y — X, G’) is the set of maps f : Y x Y — G’ such that fmy 3 = fria2fms
where ; ; are the different projections ¥ X ¥ x Y — Y x Y. Recall that Y x Y ~ Y x G, and
Y XY xG~Y xY xY. A direct computation shows that under this isomorphism the projection 7y 3
becomes the map (y, g,g") — (vy,99'), 712 becomes the map (y,g,9") — (y,g), m2,3 becomes the map
(y,9,9") — (yg,¢), and so we are done.

f is equivalent to g if and only if exists amap g : Y — G’ such that g = 71 frry ! and we can conclude just
noticing that the map 7; becomes, under the iso, the map that send (z, y) to x and that the second projection
becomes the map that send (z, g) to zg.

The last statement is clear by the previous reasoning. (|

Suppose now that G is abelian and G’ = G,,,. Then every character ¥ : G — G,, extend to a map
Y x G — G, that satisfies the cocycle condition and so it is an element of H*(Y — X, G). Moreover
induces a morphism between the cohomology groups that makes the following diagram commutative:

HY(Y - X,G) —— HYX,G)

e P

HY (Y = X,G,,) —— H'Y(X,G,,) = Pic(X)

So the class of x.(Y) in the Picard is equal to the class of the character x in H*(Y — X, G,,). In particular
we have a homomorphism of groups Hom(G, G,,) — Pic(X).

Definition 2.1.12. The type of a Y -torsors is the morphism Hom (G, G,,,) — Pic(X) constructed above.
We say that a torsor is universal is this morphism is an isomorphism.

If G is abelian we have the Cech to derived spectral sequence. We quickly recall the general construction,
which will be applied to F' = G. We can factorize the global section functor

I': Sh(X) — Ab

by the composition of the forgetful D : Sh(X) — PSh(X) with the functor H° : PSh(X) — Ab that send
F to Ker([[ FU; — [[ FUi;)). Now the i*" derived functor of D is just the functor that send F to the

presheaf F that send U to H*(U, F), the i*h derived functor of H is nothing else that the functor that send
9



F to the H ((U; — X), F), where H'((U; — X), F) is the usual Cech cohomology. So the Grothendieck
spectral sequence in this situation is E5? = H”((U; — X), F9) = HP*9(X, F) and the exact sequence of
low degree is

0— H'(X, H(X, F)) » H\(X, F) —» H(X, H\(X, F)) - H (X, H(X, F)) —» H*(X, F)
If (G is non abelian we can recover a similar exact sequence of pointed set
1 - H' (X, H'(X, F)) - H(X,G) —» H(X,H (X, G))
by hand, and we leave the details to the reader.

2.2. Torsors and cohomology. To finish this short introduction to torsors, we’d like to present an applica-
tion of this theory to cohomology. We will work with étale torsors (same definition, just change fppf with
étale). First we recall an important fact about étale cohomology that will be useful in the sequel.

Proposition 2.2.1. There is an equivalence of categories that preserves cohomology, between the category
of abelian sheaves over Spec(k) and the category of G' = Gal(k, k) discrete moduli. In particular we have
an isomorphism between H'(Spec(k),G) and H'(k, colim G(L)).

Proof. We construct the two functors that realize the equivalence of categories.

An étale sheaf F is nothing else that a family G(L) abelian groups for every separable extension of & such
that F(L) = F (L)L) for every L C L' Galois. In fact the sheaf axiom on L C L' is the exactness of
the following sequence: F(L) — F(L') - F(L' ® L'). But F(L' ® L) ~ F(L'™), F commutes with the
direct sum, and so the claim is proved. So we can associate to F' the G module colim F'(L), where L runs
over every separable extension of k. The natural action of G on colim F'(L) it is clearly well defined and it
is continuous since it factorizes, by the sheaf axioms, over a finite field extension.

For the other functors we take a discrete G-modules 7' and we associate to him the sheaf F/(L) = TG(%:k),
It is a sheaf, by the previous discussion and the two functors are one the inverse of the other (observe that
every discrete (5, is the colimit of its fixed points).

For the statement about cohomology just observe that the composition of the functor from the etale topos
and the functor global sections is exactly the fixed point functors. g

Example 2.2.2. We have H!(G, k") = H (Spec(k),G,) = HL,.(Spec(k), G,,) = Pic(k) = 0.
Example 2.2.3. We have H),(Spec(k),Z) = H*(G,Z) = Hom(G,Z) = 0 since G is profinite.
In the same way it is possible to prove something more general.

Theorem 2.2.4. Suppose that G is a topological group. Then the category G — set of sets with a continuous
action of G is equivalent to the category of sheaf over C, where C is the subcategory of G — set made by
element in the form (G /U) where U is a open subgroup of G and all the maps are covering.

Proof. | ] O

Suppose that X is a connected scheme. Then, applying this theorem with G = 71 (X), the étale funda-
mental group, we get that the category of w1 (X) — sets is equivalent to the category of sheaves over C. But,
by the Galois-theory of Grothendieck and using that G is profinite, C is equivalent to the category of finite
étale covers of X. "Abelianizing" this, we get that the category of discrete G modules is equivalent to the
category of étale abelian sheaf over the category of finite etale covers of X. Unluckily, this does not mean
that the étale cohomology is a group cohomology: the category of finite étale covers of X is too small to
compute the etale cohomology.

Example 2.2.5. If £ is algebraically closed field, then the finite étale site of IP}, is trivial and hence the higher
cohomology, computed wrt the finite site, of any sheaves is 0!

Example 2.2.6. H'(G,Z) = 0, as explained above, but H% (X, Z) is in general different from zero. Con-
sider, for example, X the nodal cubic in A2, we have an exact sequence of sheaves 0 — Z — j,Z — .7 —
0 where ¢ the inclusion of the singular point in X and j the normalization map. Taking global section we
get0 — Z — Z — Z — H'(X,Z). Since the first map is an isomorphism, the map Z — H'(X,7Z) is
injective and hence H'(X,Z) # 0.

10



Suppose now that H is a finite &tale abelian group over X. Then H'(X, H) is just the abelian group
of sheaf of torsors under H. Each of this is finite 71 (X) module with a free and transitive action, i.e a H
torsor (principal homogeneous space) in the usual group theoretic meaning. But they are parameterized by
H'(m(X), H) and hence we get the following:

Theorem 2.2.7. Suppose that X is a connected scheme and H a finite étale abelian group. Then H (X, H) =
H' (7 (X), H).

Example 2.2.8. If k is algebraically closed field, then the finite &tale site of P} is trivial, so that 71 (P}) = 0
and hence H'(P}, H) = 0 for every finite abelian group.

For the basic results abut the étale fundamental group cited above we to [ ]

2.3. Torsors and rational points. We introduce a first obstruction to rational points. In the following

x4 Spec(k) is a variety over a perfect field k£ and G is commutative k-group scheme. Then we have the
following commutative diagram:

Sh(x) ") ap

lf* A,—)

Sh(k)
So we get, from the Grothendieck spectral sequence, the Leray spectral sequence:
EP? = HP(k, R1f.G) = HP(X,G)
and hence the exact sequence of low degrees is
0— HY(k, f.G) - HY(X,G) — H(k, R f.G) — H?*(k, f.G) — H*(X,G)

where RYf,G is the sheaf associated to the presheaf that sends U to H!(X x U, G). Now H°(k, R' f.G) =
HO(Ty, colim HY(X, f.G)) = H(Ty,, HY(X,G)) = HY(X,G)"* (where the colimit is taken over the
finite extension of k). An element in H'(X, G)'* is nothing else that a I'y, invariant torsor, i.e. a X torsor
Y under G with a family {1, } ger,, of automorphism such that makes the following diagram commutative:

g
—
N

= — =
> +— <

Assume the following

o X()£D,

e G(X)=0G(k)
Then H?(k, f.G) = H?(T'y, colim f.G(L)) = H?(T'y, G(X)) = H* (T4, G(k) = H?(T'y, G) so that the
map H?(k,G) — H*(X,G) is injective (it has a splitting given by the map induced by the rational point)
and hence the map H'(X,G) — H'(X,G)"* is surjective. Observe that every element in H'(X,G), i.e
every X-torsor under GG gives a ['y, invariant torsor by base change, so that the surjectivity of that map is
equivalent to the fact that every I'y, invariant torsor comes from a torsor defined over X.
To conclude we have established the following:

Proposition 2.3.1. If G is commutative, G(X) = G(k) and there exists a I';, invariant torsor that does not
come from a torsor over X, then X has no rational points.

Example 2.3.2. Suppose that X is a conic in P2 and G = G,,,. Then we the exact sequence becomes

0— H(k,k") =0 — HY(X,G,,) = Pic(X) - HY(X,G,)'* = Pic(X)I*. Observe that Pic(X) ~ Z

(It has a rational point and hence it is P!) and the action of the Galois is trivial (every automorphism must

send 1 to 1 or to —1, but it must send ample divisors to ample divisors and hence 1 goes to 1). So Pic(X) ~ Z

and the map Pic(X) — Z send a divisor to its degree. So the map is surjective if and only if there exists

a divisors of degree 1. But this is equivalent to have a rational point! In fact if X has a rational point then
11



it clearly has a divisors of degree 1. Conversely, if X has a divisors D of degree one, then Riemann Roch
theorem and Serre duality tell us that h°(D) — h%(K — D) = deg(D) +1 — g, but g = 0 and K — D has
negative degree, so that h°( K — D) = 0. Hence h°(D) = 2 and hence D has a linearly equivalent effective
divisors F of degree 1. But this means that X has a rational point!

Now we will show how is possible to recover the rational points of X from the rational points of k-torsors
under G. Let Y — X be a right k-torsor under G that is a quasi projective variety.

Suppose that Spec(k) — X is a k rational point. Then Spec(k) x Y is a k-torsor under G so that we
have a map 6 : X (k) — H'(k,G) and hence

Xk)y= J 0.

acH(k,GQ)
We want to find a better description of this map. First of all we introduce the twist of a torsor.

Definition 2.3.3 (Twist). Suppose that F' — X is a left torsor under G. Then we call the twist of F' with
Y, if it exists, the quotient of Y x F' by the action of G, made by the map (g, v, f) — (yg~ ', gf) and we
denote it by y F. It is a sheaf of torsor and if F' is quasi-projective then it is representable (descent theory ).

Theorem 2.3.4. If X is a variety over a field k, G is a k-algebraic group and Y — X a right G k-torsor
that is a quasi projective variety then the twist by any other k-torsor under G is representable.

Remark 2.3.5. From the definitions we have
[} GF ~G
e If Z is a right torsor, we denote with Z’ the left torsor associated, we have that »/G is a group
scheme, Z is aright torsor over z/G and zZ' = G.
e We have a bijection H'(X,G) — H' (X, G) thatsend Y to zY.
e If G is commutative the bijection is just the map that sends Y to Y — Z.

Before proving the last theorem we observe that every equivariant map between torsors is an iso (this is
clear when both are groups and it is true in general by descent). In particular a k-torsor Y under G has a
rational point if and only if it is isomorphic to G.

Theorem 2.3.6. If f : Y — X is a torsor under G, then we have the following equality
Xk= | 2fYk)

Z torsors over k

where 7 f is the induced map 7Y — X

Proof. Tt is enough to show that 0~ (a) = Uze, 2/ f(2/ Y (k)).
2'Y X x Spec(k) has arational point if and only if /Y x x Spec(k) ~z G inand only if Y x x Spec(k) ~ Z.
So a rational point x of X lies over a rational point of z/Y" if and only if 6(x) is in the class of Z. O

k[z,y] )
(x—y2)$ ’
a % = o torsor, when chark # 2. First we have to understand what are the ps torsors, but this is easy

since H 1(14:, fa) =~ % so that the torsors are in the form Z, = x]z[f}a
Zy if and only if a = 22b for some = € k*. Then we compute the twist y Z,. This is nothing else then

Example 2.3.7. We verify the equality of the preceding theorem when X = A,lﬁ—{O} andY = Spec(

with a € k™ and Z,, is equivalent t

spectrum of B, = ( (I;[fyyg]) . ® Zg )2 ~ (%)M where p9 acts on B, by the automorphism that send
klz,2]

y to —y and z to —z. The fixed point are generated by v2, z%yz, so that B, ~ ———. So to compute the
rational point of X we have just to take the union of the image of the rational points of B, via the canonical
map Spec(B,) — X, witha € % But the rational point of B, are just (z — b,z — ab?) so that for every
a € % we recover exactly all the point in the form ab?, i.e the point in the same class of a! The union of
this points with all possible a is exactly X (k).

This easy theorem is the prototype of an important result we will discuss in the next talk, namely the main
Theorem of Colliot-Théléne and Sansuc descent theory.
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3. TALK 3: DESCENT AND BRAUER-MANIN OBSTRUCTION, MARCO D’ ADDEZIO

3.1. Elementary obstruction and fundamental exact sequence. We want to construct the fundamental
exact sequence of Colliot-Théléne and Sansuc.

Given a I';-module M of finite type, consider the Ext-spectral sequence:

ED? = Ext]. (M, (Rp.)Gyn) = Exti 1 (p* M, Gyp),
given by the composition of

Homx, (p* M, —)
Sh(Xe) e Ab

k Ampk (M, -)

Sh(ke).

The functor p, sends injectives in injectives as its left adjoint is exact. The low degrees exact sequence is
0 — Extr, (M, k[X]*) — BExt, (p* M, Gy,) — Homr, (M, Pic(X))
GD % Ext}, (M, E[X]*) = Ext}, (p"M, G,,).
We want to simplify it with the following Lemma.
Lemma 3.1.1. Let S be an X-group scheme of multiplicative type. Then we have an isomorphism
Hi (X, 8) =~ Exty, (p*S, Gpy)

functorial in S and X.

Proof. We will prove it when S' is smooth (and the general case?). Thanks to a Theorem of Grothendieck

[ , Théoreme 11.7] H }pp (X, 8)=H, 1 (X, S). We use local-to-global Ext spectral sequence that you
can find in SGA4 [ , Exposé V, Théoreme 6.1],

EDT = HP(Xg, Extde, (05, Gm)) = Exth!(p"S, Gp),

with the following commutative diagram of functors:

Hom(p*S, —)
Sh(Xe) d Ab
U‘Com(p*g,x Aféh -)
Sh(Xét) .

The first step is to show that the spectral sequence completely degenerates, i.e. fori > 1, 8xtg(ét (p* s, Gm) =
0. It’s enough to show that the sheaf is zero on the stalks. Thus we take Y the spectrum of a strictly henselian
local ring. As S is locally constant in the étale topology, it’s enough to show that for ¢ > 1,

Ext}, (Z,Gp) = Extl, (Z/nZ,Gyy,) = 0.

The first group is zero because it corresponds to H gt(Y, Gn), but taking global sections is exact for a strictly
henselian local ring. The second group is zero thanks to the vanishing of the first, using the exact sequence

0—Z—7Z—Z/nZ — 0.

In virtue of the previous Lemma and the exact sequence 3.1, we have proved:
13



Theorem 3.1.2 (Colliot-Thélene, Sansuc). If X is a geometrically integral smooth variety and S a group of
multiplicative type, we have an exact sequence

0 — Exth, (8, k[X]*) = H},pp(X, S) 2% Homp, (S, Pic(X))
2 Ext?, (8, k[X]*) = HZ,1(X,5),
functorial in S, called fundamental exact sequence. The map type associates to a torsor its type.

So for any I'g-invariant morphism A : S = Pic(X), the existence of a torsor of type A is equivalent to
A(A) = 0. If Pic(X) is of finite type and S = Pic(X), we can take Id € Homr, (.S, Pic(X)).

Definition 3.1.3 (Elementary obstruction). We will call the elementary obstruction of X the class 0(Id) and
we will denote it as e(X).

Thanks to the fundamental exact sequence we have the following corollary.

Corollary 3.1.4. If Pic(X) is of finite type the existence of universal torsors is equivalent to the vanishing
of the elementary obstruction.

Proof. Let's put S = Pic(X) in the fundamental exact sequence, if A € Homr, (§ , Pic(X)), by functorial-
ity we know that 9(\) = A*(e(X)). If A is an isomorphism then A*(e(X')) = 0 if and only if the elementary
obstruction is zero. O

Moreover we have an other simplification of the sequence:

Corollary 3.1.5. If we add the hypothesis k[ X]* = k", then the fundamental exact sequence becomes:
0— HY(k,8) L5 HY(X,S) 22 Homr, (S, Pic(X))
9 H2(k,S) L5 HX(X,S).

So in this case the space of torsors of a certain type is a principal homogeneous space under H'(k, S).
The action of H'(k, S) is exactly the twist described by Emiliano in the previous talk2.3.3. In particular if
k is algebraically closed the type identifies the torsor.

Always in the hypothesis k[X]* = %", we can even describe the set of rational points using torsors of a
certain type, just rewriting the Theorem 2.3.6 as

X(ky= U f®).
type(Y,f)=A

Now we want to proof two Theorems about the elementary obstruction.

Theorem 3.1.6. Let X be a geometrically integral, smooth k-variety, then the class —e(X) € Ext%k (Pic(X), k")
is represented by the 2-fold

(3.2) 0— k" — k(X)* = Div(X) — Pic(X) — 0.
Proof. We need a general fact of Homological Algebra. If p : X — Spec(k) is a k-scheme and
0+A—-B—->C—=0
is an exact sequence of étale sheaves of abelian groups over X, if the sequence
(3.3) 0 = pa(A) = pu(B) = p.(C) = Rp.(A) = 0
is exact then if we consider the Ext-spectral sequence
EPT = Ext’llk(—, Rip.(A)) = Ext?é_lq(p*(—), A)
Lemma 3.1.7. The transgression map ( Eg g Eg ),

Homr, (—, R'ps(A)) = Ext} (—,p.(4)),

is given by the Yoneda’s pairing with the opposite of the class represented by the 2-fold (3.3).
14



The proof of this Lemma can be found in [ ], Lemma 1.A 4.
We also need a quite well known fact:

Proposition 3.1.8. Let X be an irreducible, noetherian, regular scheme and j : 1 — X the inclusion of the
generic point. Then we have an exact sequence of étale sheaves

0— Gy — 4Gy, — @ (iz)+«Z — 0.
zeX )

This proposition is just a consequence of the same exact sequence in the Zariski site. We need to check
that R (p.)(j«Gyy) is zero, but we know that it is a subsheaf of R!(p o j).(G,,), thanks to the convergence
of the Grothendieck spectral sequence for the composition of p, and j,. But R!(p o j).(G,,) is zero by
Hilbert 90, so it is easy to check now that the 2-fold (3.3) becomes exactly (3.2). Thus we are done. ]

The second important Theorem of the subsection is the following.

Theorem 3.1.9. Let X be a geometrically integral, smooth k-variety such that k[X]* = k", we have the
following implications:

X(k)#0= (E* < k(X)* has a T-equivariant section.) < e(X)=0.
As a consequence of this Theorem, using the Corollary 3.1.4 we have:

Corollary 3.1.10. If Pic(X) is of finite type, the existence of a rational point implies the existence of an
universal torsor.

This fact is important, we will use it in the proof of the main Theorem of Colliot-Théléne and Sansuc
descent theory. Now we will prove the Theorem, we divide it in different parts.

Proposition 3.1.11. Let & be a perfect field, X a smooth, geometrically integral k-variety, such that X (k) #
(), then the natural map

has a I'j.-invariant retraction.
We need the following lemma:
Lemma 3.1.12. Let G be a profinite group, H a closed subgroup, B a G-module, A an H-module. Then
Ext¢ (Z|G] @z A, B) = Extly (A, By)
Where By is a Z|H|-module obtain restricting the action of B.

Sketch of proof. First of all we reduce to the case when G and H are finite groups. Then we choose a
projective resolution of A. Since Z[G] is a free Z[H|-module, Z[G]®z g is exact and it sends projectives
in projectives. Thus it’s enough to check that

Homg (Z[G] Rz A, B) = Homy (A, By),
but this can be done similarly to the commutative case. ([l
Now we can prove the Proposition.
Proof of Proposition 3.1.11. Let P € X (k) and consider the natural maps
E o 0% p = k(X))
where OX  is the Zariski stalk. The first map admits a section g — g(P), so it’s sufficient to find a section

X,P
of the inclusion 0% , — E(X)*. Because X is smooth, we have an exact sequence of I'y-modules

0— 0% p— k(X)* — Divp (X) = 0
Dive (X)= & Zs

zESpec(0% p)M)
15
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If this sequence splits then we get the missing section. To show this we show that Ext%k (Div r(X), O*y P) =

0. We notice that
Divp(X)= > Y Zz= > Z[W/H)

x€Spec O P<1> T overx x€Spec O P<1)

where H, is the Kernel of the transitive action of I'y on the points over x, corresponding to a certain
extension L, /k. We have

Bxth, (Divp(X), 0% ) = Exth, (ZZ[Fk/Hx], o;P) -
=[] Exth, (Z [T/Ha), 0% P) .

Since Z [Ty / H;] = Z[I'y] ®z(f,) Z, we can use Lemma 3.1.12 and we obtain that for any ,

Ext}, (Z D/H,] O*XP) — Extly, (Z, O*Y’P) .
If A:=0Ox, pandp:Spec(A) — Spec(L,) is the structural map,
Extl, (Z, 0% P) = HJ(Spec Ly, pGrn.a)
because the functor Homp, (7, —) is equal to the functor M — M= By Leray spectral sequence,

Hélt(SpeC Ly, p*Gm,A) — Hélt(SpeC A, Gm,A)-

The right group is zero by Hilbert 90 for local rings, so we are done.
n

In the proof of the Proposition 3.1.11 we have showed an useful property of the I'y-module of divisors
that can be easily generalized as follows.

Lemma 3.1.13. Let X be a variety over a perfect field k, then the T'j-module of Weil divisors on X,

Divy i (X) is isomorphic to a certain sum
> Z[Tk/Hi),
el
with H; open normal subgroups (thus of finite index) of I'y, and I not necessarily finite.

Definition 3.1.14. We will call permutation module a I';,-module that contains a basis invariant (not nec-
essarily fixed) under the action of I'y. Thus it’s a I';-module of the form },_; Z[I';,/ H;] with H; closed
subgroups of I'y, and I not necessarily finite.

Thus in Lemma 3.1.13 we have showed that Divyy.;;(X) is in particular a permutation module. Another
fact that we will use many times, whose proof is the same as in the proof of Proposition 3.1.11 is the
following.

Lemma 3.1.15. Let A be a local ring that is a k[TU'y)-module, for any permutation module M, then Ext%k (M, A*) =

0. In particular when A = k we obtain
Extp, (M,k") = H(k, M) = 0.
Let’s conclude now the proof of Theorem 3.1.9.
Proposition 3.1.16. Let X be a geometrically integral, smooth k-variety such that k[X]* = k", then the
inclusion
oo k(X))
has a I';-invariant retraction if and only if the 2-fold (3.2) is zero in Ext%k (Pic(X), %), if and only if e(X)

18 zero.
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Proof. If the map Eoo (X) has a retraction then it is a general fact that the 2-fold (3.2) is zero in
EXtF (Pic(X),k").

The other implication is not true in general for 2-folds. Consider the short exact sequence
(3.4) 0 — k(X)*/E" — Div(X) — Pic(X) = 0

and the long exact sequence given by the derived functor of Hom(—, E*) Thanks to the Lemmas 3.1.13 and
3.1.15, we know that Ext%k (Div(X),k") = 0, thus we have the injective connection map

Extp, (K(X)*/k" k") = Extd (Pic(X), k")
given by the Yoneda pairing with the (3.4). The image of the short exact sequence
(3.5) 0=k —k(X)* = kX)/E -0
is exactly the 2-fold (3.2), thus is zero. By the injectivity we obtain that also (3.5) is zero in Extr (R(X)*/E" kD),
thus the map & — k(X)* has a retraction, as we wanted.

Thanks to the Theorem 3.1.6 we also know that the vanishing of the 2-fold (3.2) is equivalent to the
vanishing of e(X). U

3.2. Weak and strong approximation.

3.2.1. Weak approximation. Let k be a number field, for any v, we can endow X (k, ) with the topology as
v-adic space (add reference). We define the topological space

X(ko,) = [ Xk

veQ

where the topology is the product of the topologies of X (k, ). We will call this topology weak topology.
Of course there is a diagonal embedding of X (k) in X (kq,). If we take X = Al we know that the

diagonal map
ke ] b

VEQ
is dominant. This is a classical result of Number Theory and it’s called weak approximation. We can wonder
if this is true even for other varieties. Thus we give the following definition.

Definition 3.2.1. We say that a smooth, geometrically integral k-variety X satisfies weak approximation if
the diagonal map

X (k) — X(ka,)
is dominant.

As A,IC satisfies weak approximation, even A} satisfy weak approximation for any n. The same remains
true for any open subset of A}, because if U is a Zariski open subset of X, the set U (k, ) is openin X (k, ).

Let’s focus in the opposite problem: if U is a dense open subset of X and we have weak approximation
on U, what can we say about X ? In virtue of the inverse function Theorem for complete fields with respect
a non-trivial absolute value [ ] we have the following fact.

Proposition 3.2.2. Let X be a smooth k-variety of dimension n and let v be a place of k. If P, is a local
point of X, i.e. P, € X (k,), then there exists an open U C X (k, ) that contains P, that is homeomorphic
to a non-empty open subset of k.

As X is smooth, by the previous Proposition, the set U (k) is dense in X (k, ). Indeed X \ U is a Zariski
closed subset of X of lower dimension, as X is irreducible, thus X (k,) \ U(k,) has empty interior in the
v-adic topology.

So for any local point P, € X (k,) there exist local points @, € U(k,) close as we want to P,. Then, as
weak approximation holds in U, we can find rational points R € U(k), close as we want to 9,,. We have
proven the following important fact.

Proposition 3.2.3. Let X be a smooth, geometrically integral k-variety containing an open dense subset
which verifies weak approximation. Then X satisfies weak approximation.
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Corollary 3.2.4. If X is a smooth, geometrically integral k-rational variety, then weak approximation holds.

An other quite elementary example of varieties satisfying weak approximation can be found in the article
of Colliot-Théléne, Sansuc and Swinnerton Dyer [ ]. At page 68, is stated the following Theorem.

Theorem 3.2.5. Let k be a number field and let V' C P} with n > 2 be a pure codimension 2 intersection
of two quadrics over k. Assume that V is geometrically integral and not a cone. Let X be V™" and
assume that X (k) is not empty, then weak approximation holds for X.

Then in the last Talk 5, Professor Harari present the theory of weak approximation for linear groups.

3.2.2. Adelic points and strong approximation. If X it’s a not proper variety one can even pay more atten-
tion to integral points.

Definition 3.2.6. Let X be a k-variety, we say that a separate scheme X finite over Spec(Oy) is a model of
X if X ~ X,), with ) the generic point of Spec(Oy,).
Usually we will suppose the model to be integral. One can show the following fact.

Proposition 3.2.7. Any two models of X are isomorphic out a finite number of places. Moreover if the
variety is reduced (resp. irreducible, resp. proper) any model is reduced (resp. irreducible, resp proper) out
a finite number of places.

Moreover we have:
Proposition 3.2.8. Let X be a k-variety, then there exists a model X of X.

(add reference)
For any finite place v, we have the inclusion

X(0,) — X(ky),
we will call any element in the image of this map, integral points.

Remark 3.2.9. The inclusion displayed above is a formal consequence of the valutative criterion of sepa-
ratedness applied to the following diagram

Spec(k,) —— X
Spec(0,) —— Spec(Oy)

If X is proper then for almost any place the map is even surjective thanks to the valutative criterion of
properness applied to X that is proper out a finite number of places.

Achtung. The integral points may depend on the choice of a model of X.
Then we define the set of adelic points of X by
X(Ag) = A{(pv)v € X (k)| all but finitely many p,, are integrals}.

We notice that the definition does not depend on the choice of the model because any two of them are
isomorphic away from a finite number of places. We will not consider X (Aj) with the topology of subspace
of X (k,), we will be more interested to the topology defined by the basis of sets of the form

[1U. x x(0.),
ves
with U, an open of X (k,) and S finite, such that Q, C S. We will call this topology the strong topology.

Example 3.2.10. If X = A}, then X (A}) are the adeles with the adelic topology; if X = G,,, then X (A},)
are the ideles with the idelic topology.

If ¥ C Q we will call X(A7) the set X (Ay), with v-components removed for any v € ¥. We will
endow this set with the topology induced by the projection from X (Ay).
In analogy with weak approximation we give this definition.
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Definition 3.2.11. Let X be a smooth, geometrically integral k-variety, if S is a finite subset of 2y, if
X (k) = X (A7)

is dominant, we say that X satisfies strong approximation off S. If S = () we will say that X satisfies strong
approximation.

Thanks to the valuative criterion of properness we can deduce that if X is proper then X (Aj) = X (kq, )
as topological spaces. Thus for proper schemes weak or strong approximation are the same.

We also have that A}’ satisfies strong approximation off one place, i.e. off S = {v}, for any v € .. This
is a classical result of Number Theory, more difficult than weak approximation.

What can we say about strong approximation on open subvarieties of A}'? In general it doesn’t hold off a
finite set of places.

Example 3.2.12. Consider G,,, 9 — A(l@, if we had strong approximation away from infinity, G, (Z) would
be dense in [[, G,,(Z¢), since if a point in [[, G,,(Z,) can be approximated in the strong topology by
rational points it can be approximated with integral points. But G,,(Z) = {1, —1} and it is not dense in any
Gm(Zy¢). We can even show that strong approximation doesn’t hold off a finite place p. If it had hold then as
before the set G, (Z[1/p]) would be dense in [ ,,, Gy (Zy). But Gy, (Z[1/p]) = (—1,p), so if we consider
the extension Q(v/—1, \/p) of Q, by the Theorem of Chebotarev, there exists at least a prime  that is totally
split. This means that —1 and p are both squares modulo /¢, thus the image of G,,(Z[1/p]) in G,,(Zy) is
contained in the subgroup of squares of G,,(Zy). Obviously the result can be extended to any number field k
and any finite set of places S. Thanks to Dirichlet unit Theorem the set G,, (O, g) is finitely generated, let’s
say by t1,. .., t,, then we can take k(v/?1,. .., /t,) and we can apply the Theorem of Chebotarev again.

We also have many other similar obstructions on G, just taking any étale cover
t—t"
G —— Gy,

This phenomenon can be generalized by the following theorem due to Minchev whose proof can be found
in [ ], page 9.

Theorem 3.2.13 (Minchev 1989). Let X be an irreducible normal variety over a number field k such that
X (k) 757@. If there exists a nontrivial connected unramified covering f : 'Y — X defined over an algebraic
closure k, then X does not satisfy strong approximation off any finite set S of places of k.

In particular if we take any polynomial in n variables f with coefficients in k& and we take the open U in
A} that is defined by f # 0, you can then take as Y the closed variety in A" x G, defined by f = 27", ; # 0.
The natural projection Y — U is unramified, thus on U we can not have strong approximation with respect
to any finite set of places.

At the same time if we take X the complement of a closed subset in A} of codimension at least two we
still have strong approximation off one place. We will prove the Proposition in a slightly more general case.

Proposition 3.2.14. Let X be a smooth variety over the number field & satisfying weak approximation and
let S be a finite set of places of k. Let’s suppose that there exists a dense open U of X with the following
property

P) For any x € U(k) there exists a dense open V,, of U such that for any y € V, (k) there exists a

variety Z , that satisfies strong approximation off S and a morphism f, , : Z,, — X such that
[y restricted to a certain open Z; , is an immersion and the image of Z, , contains x and y.

Then X satisfies strong approximation off S.

In particular P) is satisfied if the following property holds
P’) There exists a variety Z that satisfies strong approximation off S and a morphism f : Z — X such
that f restricted to a certain open Z’ of Z is an open immersion.

Proof. Let X be amodel of X and let T be a finite subset of {2, \ S containing Q2 \ S. For any adelic point

P=(P)ea, € [[ Xk)x J[ %0,
veTusS veQ\(TUS)
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we have to find a rational point of X that is near as we want to P when v € T and integral when v €
Qe \ (TUS).

In virtue of the implicit function Theorem, we can find local points of U that are near P, for v € T.
Thus by weak approximation on U we can choose rational points z of U that are close as we want to P, for
vel.

A priori the local points z,, could fail to be integral when v € Qi \ (T'U S), let’s suppose that z,, is not
integral when v € T" C Q. \ (T'U S). We take V,, as in the property P). Thanks to the implicit function
Theorem, we can find local points of U near P, for v € T". As V,, satisfies weak approximation we can find
a rational point y of V,, near the local points P, for v € T”, in particular we can choose y as a O, -points for
any v e T'.

Now let’s take f,, : Z;, — X as in the hypothesis ii), there exists on Za’w an adelic point Q) =
(Qv)veq, such that Q, = z, whenv € Q. \ (" U S) and Q, = y, when v € T". Thanks to strong
approximation on Z, , off S we can find a rational point z of Z, , that is near () in the strong topology of
Zyy(Ag). As the morphism f, , : Zg,(Ag) — X(Ag) (add reference) is continuous f, ,(z) can be near
@ in the strong topology of X (A ) as we want.

Since () is near P for the places v € T and it’s integral outside 7" U S we have the result. U

Corollary 3.2.15. Let X be an open subvariety of A} obtained removing a closed subset of codimension at
least two, then X satisfies strong approximation off one place.

Corollary 3.2.16. Let X be an open subvariety of a smooth quadric ) of P} obtained removing a closed
subset of codimension at least two, then X satisfies strong approximation.

3.3. The adelic Brauer-Manin pairing. In this section we define an important pairing, which will be fun-
damental to describe an obstruction to the existence of rational points. The main ingredient will be the main
exact sequence of Class Field Theory, as in Theorem 1.1. For more details we refer to [ 1, [ ] and

[ I

First of all we recall a result.

Theorem 3.3.1. Let X a variety over a global field k. Let A € Br(X), then for some S C Qy, finite, there
exists a scheme X of finite type, defined over Oy, g and a class A € Br(X) with a morphism
1: X =X
identifying X with the generic fiber X,, s.t. i* : Br(X) — Br(X) sends A to A.
For the proof see Corollary 6.6.11. of [ ].

Definition 3.3.2 (Evaluation). Let X /k a variety and A € Br(X). If L is a k-algebra and x € X (L) then,
by functoriality of Br(—), it induces a homomorphism

Br(X) — Br(L), A — A(x).

Let X/k be a smooth and geometrically integral variety over a number field k. We are interested in the

pairing
Br(X) x X(Ag) — Q/Z
defined by the following rule:
(3.6) (A, (P) = Y invy(A(P)).
vEQ

Where A(P,) makes sense thanks to the previous definition and inv,, are the local invariant maps appearing
in the exact sequence of Theorem 1.1.
Lemma 3.3.3. The B.M. pairing is well defined, i.e. the sum of 3.6 is finite.

Proof. Given (P,) € X(Ay) and A € Br(X) we have to show that A(P,) = 0 for almost all v. Thanks
to Theorem 3.3.1 we can chose a finite set of places .S big enough (containing all the archimedean places)
such that P, € X(0,) for all v ¢ S (by the definition of the adelic ring). This concludes in virtue of the
following result.
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Theorem 3.3.4. Let R be the valuation ring of a non-archimedean local field k. Then Br(R) = 0.
0

Lemma 3.3.5. The B.M. pairing is trivial on Bro(X), and so it can be defined also as a pairing from
Br(X)/Bro(X).

Proof. This follows immediately from the exact sequence of Theorem 1.1 and the functoriality of Br(—).
O

Definition 3.3.6. We define X (A;,)B"X) as the right kernel of the B.M. pairing, i.e. as the subset of X (Ay,)
orthogonal to all elements of Br(X).

Lemma 3.3.7. The B.M. pairing is locally constant in the adelic topology.
For the proof see Corollary 8.2.11 of [ ].
Proposition 3.3.8. We have the following inclusion:
X(k) C X(Ap)P™) C X(Ag)
Proof. The only non trivial inclusion is the first one. But this follows from the commutativity of the diagram

X(k) ——— X(A)

| |

Br(k) —— @,cq, Br(k)

and the exact sequence of Theorem 1.1. O

Remark 3.3.9. The two previous results implies that the closure of the diagonal image of X (k) via the
diagonal embedding in the adelic points is contained in X (Ak)Br(X ).

Remark 3.3.10 (Functoriality). Let f : X — Y a k-morphism of smooth geometrically integral k-variety.
Give A € Br(X) and (P,) an adelic point of Y, we have

Z invy (f*A(P)) = Z invy (A(f(P)))
vEQ, vEQ,
It follows
Y (AR)B ) = 9 = X (A)BE) =g
Now, if the set X (Ak)Br(X ) is empty of course the variety will not have rational point.

Definition 3.3.11. We will say that for a variety X the only obstruction to Hasse principle is given by the
Brauer-Manin obstruction or some similar sentence if X (A, )P"(X) =£ ¢ implies X (k) # 0.

This propriety is weaker than Hasse principle (add examples).
We also introduce some other notation:

Definition 3.3.12. We will say that for a proper variety X the only obstruction to weak approximation is
given by the Brauer-Manin obstruction if X (k) is dense in X (A;)B")_ If X is any variety and S is a finite
subset of 2, we will say the only obstruction to strong approximation off S is given by the Brauer-Manin
obstruction if X (k) is dense in the image of X (A;)B* ™) in X (AY).

We will see in the last talk some examples of varieties satisfying these properties.
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3.4. Introduction to descent theory.

3.4.1. Hochschild Serre and filtration of the Brauer group. We recall Hochschild Serre spectral sequence.
If X is

EP = HP(k, HY(X,G,,)) = HPY(X,G,,).

The spectral sequence is a Grothendieck spectral sequence, respect to the composition of the two functors:

_ r'(X,-)
Sh(Xét) Ab
F(X,)\ %—) MLk
Sh(k’ét).

The fact that the first functor sends injective sheaves to acyclic sheaves is subtle. Let J an injective étale
sheaf on X, for any finite extension L/k let’s call X, := X ® L, then we can check that

(X, — X,9(X)) = H (Gal(L/k),I(X1))

just verifying that the two standard complexes used to compute them are isomorphic. As J is injective as

sheaf it is even injective in the category of presheaves, thus F' (X — X, J(X)) are zero when i > 1.
In virtue of the convergence of the spectral sequence, for any H" there is a filtration

OZFn+1Hn C.-- gFOH”:H”
such that E2 ~ [P HPT4/ [P+ [[P+4 We notice that H? = Br(X), we will call Brq(X) the group F2H?
and Bry(X) the group F'' H2. We have an exact sequence
0 — Bry(X) — Br(X) — E%?,

and
E%? — EY? = H2(X,Gp)"*.

This implies that Bry (X) = Ker(Br(X) — Br(X)). We also have the exact sequence
0 — Bro(X) — Bri(X) — EL! = Byt = Ker(BEy' — ES0).
At the end we obtain the exact sequence
0 — Bro(X) — Bry(X) & HY(k,Pic(X)) — H3(k,G,,).

Were r is the map defined by the spectral sequence.

Notice that when k is a number fields the last term is O by a not trivial result of Class Field Theory, so
this last exact sequence simplifies. You can even notice that the last exact sequence can be fit in a long exact
sequence

0 — Pic(X) — Pic(X)'* — Br(k) — Bri(X) & H'(k,Pic(X)) — H?(k,G,,)
For any A € Homr, (M, Pic(X)) we define
Bry(X) := r I\ (H(k, M)).
As is proven in ([ 1, 1.2.2,Cor. 2) we have
H'(kPic(X) = |J  MH'(k M)

A M—Pic(X)
M of finite type

So we have

(3.7) Bri(X)= |J Br(X).

A: M—Pic(X)
M of finite type
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3.4.2. The main theorem. We have developed all the tools to talk about Colliot-Théléne and Sansuc descent
Theory. The main goal is to show that for certain classes of k-varieties (k will always be a number field),
the Brauer-Manin obstruction explains the failure of Hasse principle or weak approximation. To do this we
use a description of the sets X (Ak)Br*(X ) with the help of the adelic points of torsors of type . We will see
briefly how to apply this method to tori smooth compactifications.

The following theorem was proven for torsors under tori by Colliot-Thélene and Sansuc in 1979 and
generalized by Skorobogatov in 1999 for torsors under groups of multiplicative type. The proof is really
long and we will see it during next talks. Let’s enunciate it:

Theorem 3.4.1 (Colliot-Thélene, Sansuc, Skorobogatov). Let k be a number field, X a smooth, geometri-
cally integral k-variety such that k[ X|* = &', then for any A\ € Homr, (S, Pic(X)),

X" =) SV (AR)
type(f,Y)=A
Moreover if X is proper there are only finitely many classes of isomorphism of torsors Y of a certain type
such that Y (Ay) # 0.

The theorem is often used when Pic(X) is of finite type and X is an isomorphism. In this situation we
have

XA =) (A,
(f,Y") universal
because Bry(X) = Bri(X) when X is surjective. In particular the algebraic Brauer-Manin obstruction is
empty if and only if there exists an universal torsor with an adelic point.
If Pic(X) is not of finite type, by 3.7 we have

XA =N U rvaw.
A M—Pic(X) type(f,Y)=X
M of finite type

We can easily check the following corollary, recalling that the subsets X (A )B"™(X) are closed in X (Ay).

Corollary 3.4.2. For X as in the theorem (not necessarily proper) and for any A\ € Homp, (5’ ,Pic(X)), if
the X -torsors of type X satisfy Hasse principle, then the only obstruction to Hasse principle for X is the one
given by Bry(X), i.e. X(Ap)P(X) £ 0 = X (k) # 0.

Furthermore if X is proper, for any A € Homr, (S, Pic(X)), if the X-torsors of type \ satisfy weak
approximation, then the only obstruction to weak approximation for X is the one given by Bry(X), i.e.
X(k) = X (Ag)P.

As an application one can proof the following theorem.

Theorem 3.4.3. Let k be a number field, X a smooth, proper k-variety that contains a k-torsor under a torus
U as a dense open subset. The Brauer-Manin obstruction to the Hasse principle and weak approximation is
the only one.

We will not give the proof because we need the local description of torsors. The idea is to show that in this
situation the universal torsors are k-rational. We can do this studying their restriction to the open U, using
the fact that Pic(U) = 0. Then, as k-rational varieties satisfy weak approximation, thanks to Corollary 3.4.2
we are done. For a proof look Skorobogatov’s book [ ], Theorem 6.3.1.

In the case when X is not proper but we only knows that k[X]* = k", we can again use descent theory
to prove that strong approximation off one place with Brauer-Manin obstruction holds as it’s showed in the

article of Wei [ ].

The fact that universal torsors are k-rational gives us another interesting tool. Since the variety we are
considering is proper, thanks to theorem 3.4.1 there is only a finite number of classes of isomorphism
of universal torsors. Finally the set of rational points of the variety we are considering has a quite good
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description. It is a finite disjoint union of subsets, each one parametrized by rational points of a certain
k-rational variety.
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4. TALK 4: DESCENT THEORY AND POITOU-TATE PAIRING, GREGORIO BALDI

In this section k will denote a number field. If M = G(k) is a I'y-module coming from a commutative
algebraic k-group G, we will denote H'(T'y, G) = H*(T',, G(k)). (This will be used in the last section).

In the previous talk we discussed the main result of descent theory: it is possible to describe the adelic
points orthogonal to Br) of a variety X, under some reasonable assumptions, in terms of the adelic points
of the X -torsors of type \. Today we will prove the existence of a torsor, given an adelic point orthogonal
to (a subgroup of) Br).

In the first part of the talk we will explain the notation and a generalization of the following deep result.
The proof can be found in [ ], Theoréme 8.28.

Theorem 4.1 (Poitou-Tate). Let S C €y, containing the archimedean places, let kg be the maximal unram-
ified outside S extension of k contained in k and let Gg be the Galois group of ks over k. For any finite
I'y-module M (whose cardinality is invertible in Oy, s) we have:

i) Fori>3, HY(Gs, M) 2 @D, ,eas H' (kv, M), in particular I (k, M) = 0.

ii) There is a nine terms exact sequence

0 ——— H%(Gs, M)

[loes H(ko, M) ——— H*(Gs, MP)P

!

PL(k,M) «——— H(Gs, M)

Hl(GS7MD)D

!

H*(Gs,M) —— @ ,cg H*(ky, M) —— HO(Gg, MP)P ——— 0
Moreover, dualizing everything, one obtains the same sequence with M and MP interchanged.
iii) The groups 1L1L(k, M) and 1% (k, M) are finite and duals.

Remark 4.2. In this talk we will deal just with the case .S = {2 and so we will not discuss here the more
general case with an arbitrary S, for this details we remand to the notes.

Even to define P.T. pairing we will need the following fact from class field theory.
Theorem 4.3. Let k be a global or a local field, then H?(k, k") is zero.
4.1. Group Cohomology and I11°(k, M).

4.1.1. Cup product. Notation: Let G be a profinite group, C*(G, M) is the group of continuous i-cochains

of G with coefficients in a discrete G-module M and let Z¢(G, M) and B*(G, M) defined as usual. Usually

G will be the absolute Galois group of a number field k and we will denote H'(k, M) = Z*(T'y, M)/B*(Ty, M).
First of all we recall some generalities about the cup product in group cohomology. Let A, B be G-

modules and consider the G-module A ® B(:= A ®z B) with the action given by g.(a ® b) = g.a ® g.b.

This induce naturally a bilinear application at the level of continuous cochains

U:CP(G,A) x CYG, B) — CPT(G, A x B) withp,q € N
givenby aUb : (g1,...0p+q) = al(g1-..gp) ® b(gpt1,-- ., Gptq)- By direct computation we have
d(aUb) =daUb+ (—1)P(aUdb)
and so it gives a bilinear application in cohomology:
U: HP(G,A) x H1(G,B) — HPT1(G, A x B) withp,q € N
This is enough to define the cup product associated to any bilinear® application A x B — C since it can be

factored through A ® B.

Not assumed to be G invariant, indeed we are considering the tensor product between A and B as abelian groups.
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Achtung. From now on we will consider the cup product associated to the valuation
Hom(M, k") x M — k'
where M is a discrete I'y,-module.

4.1.2. Poitou-Tate Pairing. Conventions. In what follows we have assumed the same conventions as in

[ I

Let M be a discrete I'y-module, if v is a place of £ we denote with I, the absolute Galois group of the
completion k,. Notice that it can be identified with a subgroup (the decomposition group) of I';. For every
'y, module M, for any place v of k, one obtain an application of restriction H*(T',, M) — H*(T',, M). A
priori this application depends on the choice of an algebraic closure of k, (which, in general, is different
from the one of k) and of the embedding k& < k,, but it is always possible to make a choice such that
the induced maps induced on cohomology is exactly the restriction. Notice that, even if the decomposition
group is defined up to conjugation, the induced map on cohomology is uniquely determined.

Achtung (A subtle point). If G is an algebraic commutative k-group we have a restriction application
H'(k,G) — H'(ky, G) induced by the inclusion G(k) C G(k,) and the arrow Ty, < T, which, as above,
identifies Iy, as a decomposition subgroup of L'y, (for v finite). This differs from the restriction on the action
of Tk, to G(k). To get rid of this problem one can work with the henselianization of k in v, which is still
contained in k, instead of the completion to avoid the problem of having a different algebraic closure. This
will give us essentially the same duality theorems. For what follows that assumption is not mandatory and
we will still consider H'(k,,T) as the k-points of T with the action of T,, by restriction (we will solve that
problem, for example, thanks to the Rosenlicht’s Lemma).

Achtung. In what follows H'(k,, M) will always denote H'(T',,, M) except the case v is archimedean and
1 = 0; in this case there are different conventions and we will mean the modified Tate group.

We say that M, a discrete I'y-module, is not ramified if the action of the inertia group on M is trivial, i.e.
the quotient Gal(k™" /k) acts on M. We say that M is not ramified in v, a finite place of k, if it is not ramified
w.r.t. the action of T',, on M, under this assumption we define H_,.(k,, M) as the image of H(k(v), M) into
H'(k,, M), where k(v) denotes the reside field of v. We have H?, (k,, M) = H°(k,, M), H} (k,, M) =
H'(k(v), M) and H2,(k,, M) = 0 whenever M is a torsion module®. (For v archimedean we define
Hi (ky, M) simply as H'(k,, M)).

Equivalently one can say H' .(k, M) = H*(Gal(k™" /k), M), see the end of chapter 7 of Harari’s Notes.
Recall also the following result:

Theorem 4.1.1. k™" is a C field, in particular its Brauer Group is zero.

Definition 4.1.2. Let M be a discrete I',-module of finite type (as abelian group). Then M is not ramified
(up to a finite number of places) and so we can define P*(k, M) as the restricted product of the H(k,, M)
w.rt. H: (ky, M), i.e. the elements are (z)ycq, With z, € H'(k,, M) for any v and x,, € H_,.(k,, M)
for almost every v.
We have
- PO(k, M) =T], H%(ky, M). If M is finite then it is compact (since H(k,, M) is finite) .
- P(k, M) inherits the topology of the restricted product: H'(k,, M) are discrete and a base of open
neighbourhood of 0 is given by [] H.,.(k,, M) for almost every v. Since M is of finite type then
P! (k, M) is locally compact (since H!(k,, M) is torsion and finitely generated)

Notation. For a finitely generated module M we write M? for the sub-module Hom(M, k""™*) of MP =
Hom(M, k¢P*). If M is finite then M is finite and MPP is canonically isomorphic to M.

Lemma 4.1.3. Let M be a I'y-module of finite type, then the image of
H'(k, M) — ] H'(kw, M)
vEQ

is contained in ]P’i(k:, M). The result is true also with M¢, see Proposition (8.6.1) of | ].

3Because cdp(Z) = 1 for any p and the theorem 3.14 of Harari’s Notes.
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Definition 4.1.4. Let M be a discrete I',-module we define

I (k, M) = Ker | H'(k, M) — [[ H'(ks, M)
VEQ

The definition, in general, makes sense also with /¢,
Thanks to the Lemma, if M is finitely generated then we have
T (k, M) = Ker(H'(k, M) — P'(k, M))
and also, thanks to the second part of the Lemma, we have
1T (k, M%) = Ker(H' (k, M%) — Pi(k, M%)
We state the Theorem 4.20 of [ ].

Theorem 4.1.5 (Poitou-Tate). Let M be a I'j, module of finite type, then
- The group 1% (k, M%) is finite and is dual to 111" (k, M).
- There exists a six terms exact sequence of continuous homomorphisms, analogous to the one of
Theorem 4.1.
- Fori > 3 there is an isomorphism
H(k,M%) —» [] H(ko, M)
v real

Achtung. Pay attention to the proof in Milne’s Book!

Remark 4.1.6. The proof of this theorem, which is highly non trivial, does not use the explicit description
of the pairing. But it can be shown that it coincide with the pairing we are going to describe in terms of
cocyles.

We end this section with the explicit construction of the global Poitou-Tate pairing. For any I'y-module
M of finite type we define

(-, : II%(k, Hom(M, k")) x II(k, M) — Q/Z

o Let 3 = [b] withb € Z%(T'y,, M%) and o = [a] with a € Z'(T'y,, M), then b U a is an element
of Z3(T', k) which is equal to B3(I', k") because k is a number filed. And so we can write
bUa = dh for some h € C2(T'y, k")
e By hypothesis the restriction of b to I';,, for any place v, is trivial; hence it has the form d¢,, for some
& € CY Ty, M%)
e By definition of h we have &, Ua—h € Z2(Ty, k) (dh is just the restriction of b). Let &, € Br (k,)
be its class, we define
(B,a) := Z invy(ey) € Q/Z
vEQ
where the sum is finite because thanks to the previous Lemma and the fact that the Brauer Group of
a (1 field is zero.
It is easy to see that the element we defined is independent of the choices made. Moreover the pairing can
be defined even for arbitrary I'y-modules but we do not have such an explicit description (the sum is not
finite) and the non degeneracy of the pairing.
More over we will need also another version of the global Poitou-Tate paring. For this we follow [ 1.
Namely the theorem (8.6.8) of page 421.

Theorem 4.1.7. Let M be a finitely generated I'y,-module, then there exists a perfect pairing
YTy, M) x HI3(Ty, M) — Q/Z
of finite groups, which is induced by the cup product.

Also this pairing can be defined explicitly for any module M as we did before.
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4.2. Descent theory. We make the following assumptions:

e k a number field,
X is a smooth, geometrically integral k-variety,

Pic(X) is of finite type,
X (Ay) is not empty,

k= E(X)* (this assumption will be dropped in the section about tori)

M is a I',-module of finite type, and A : M — Pic(X) it’s type,
S is the k-group (of multiplicative type) such that M = S.

Achtung. The assumption about the Picard group is not made in the book of Skorobogatov but is necessary
for the lemma we are going to prove. It is not clear how to fix our proof in order to drop this assumption. . .

4.2.1. Statement of the Main Lemma. Recall the theorem of Colloit-Thélene and Sansuc.

Theorem 4.2.1. The class of —e(z) € Ext}(Pic(X, k")) coincides with the class of the following 2-fold of
T'i.-modules B _

0=k — k(X)* = Div(X) — Pic(X) = 0
We have the following implication: X (k) # 0 = e(z) = 0 < k'~ — k(X)* has a T'-equivariant section.

We state now the main Lemma we are going to prove.

Lemma 4.2.2. ¢() can be interpreted as an element bx € 111%(k, Hom(Pic(X),k")).
For any adelic point (P,) and o € 1T (k, M) we have the following equality between the BM pairing and
the PT pairing

(bx, Ae(@)) = > invy(A(P,))

vEQ
where A € B(X) is such that r(A) = \(«)

Recall that from the low degree terms of the Hochschild-Serre we have the exactness of the following
sequence:
0 — Pic(X) — Pic(X)'* — H2(k, k') —
— Ker(Br (X) — Br (X)) & H'(k,Pic(X)) — H*(k,k) =0
And we defined
Bro(X) = Im(Br (k) — Br (X))
Bri(X) = Ker(Br (X) — Br (X))
B(X) = {[A] € Br1(X) s.t. when seen in Brj(X,) are in Bry(k,) Vv}
Thanks to the map A : M — Pic(X) we obtain \, : H'(k, M) — H'(k,Pic(X)), we can define
Bry(X) := r ' (\H'(k, Pic(X)))
Notice that it make sense to ask for the existence of an element A € Bry (X)) such that
r(A) = (@)
as in the statement of the lemma, because here r is surjective and « is locally trivial, by definition, and so A

lives in B(X).

4.2.2. The existence of a torsor of type \. Thanks to the comparison between the two paring we are now
ready to prove the hardest part of the Main Result on descent theory.

Theorem 4.2.3. [fthere exists an adelic point (P,) orthogonal (w.r.t. the BM paring) to v~ (A (I (k, M))) C
Br)(X) then there exists a torsor f :' Y — X of type A.

Proof. By the fundamental exact sequence of C.T.-S. we know that there exist an X -torsor of type A under
S if and only if the image of A, d(\) = \*(e(X)) € H2(k,S) = Ext} (M, k") is zero.

The functoriality of the P.T. pairing (which makes sense even if Pic(X) is not of finite type) associated
to A can be displayed as the commutativity of
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112 (k, Hom(M, k"))  x ' (k, M) —— Q/Z

o] I

1% (k, Hom(M, k")) X 11 (k, Pic(X)) —— Q/Z

Hence, for any adelic point (P,) as in the lemma and any o € 111! (k, M) we have

0= inve(A(P,)) = (b, A()) =

v
(by the Main lemma)
= (Nbx,a) =
(by functoriality)
= (A*(e(X)), @) = (8(A), ) = 0
and this implies 9(\) = 0 by the non degeneracy of the P.T. pairing applied to M, which is of finite type. [

4.3. Proof of the Lemma.

Reference 4.3.1. Here we present a (quite long) proof using explicit cocyle computation. A modern ap-
proach can be found in [ ].

Step 0: understanding the map r o
We want to represent the map r : Bry(X) — H'(k,Pic(X)) and to show that if A € B(X), then r(A)
lives in ITT* (k, Pic(X)). To do this we assume the existence of the following commutative exact diagram*

Br (k) Bri(X) —— H!(k,Pic(X))

H2(k, k(X)*) ——— H2(k, k(X)*) ——— 0

s divy

H(k,Pic(k)) —— H?(k,k(X)*/k) —— H?(k,Div(X))

Where the firs line is from H.S., the first column is induced by the sequence 1 — - k(X)* —
E(X)*/k" — 0 and the bottom line comes from — k(X)*/k~ — Div(X) — Pic(X) — 0. In par-
ticular the map from H'(k,Pic(X)) to H?(k,k(X)*/k") is injective because H'(k, Div(X)) = 0 (as
always: it is a permutation module and so we can apply Shapiro and Hilbert’s 90).

Taking the class of an element A in Br;(X) we have

A

(fst) € Z2(Ti, k(X)*) — (fat) € Z°(Tk, k(X))

lﬂ div

class(D) ——— 7(fs4) dD =div(f) =0

4For the proof see chapter 4 of [ ].
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where class(D) is a well defined (thanks to the injectiveness discussed above) element of Z!(I'y, Pic(X)).
Thanks to “the shape” of the diagram one can prove the following equality:

class(D) = —r(A) € H'(k, Pic(X))

This is a purely homological algebra diagram chasing, for the proof see Lemma 4.3.2. of Skorobogatov’s
Book.

Step 1: a very useful remark

Consider the following commutative (by the definition of the action on the hom-sets) diagram:

Hom —,E*
I'r, — mod a ) Ab
Hom(—,h %H M
'y, — mod.

Where Hom(—, k") is the I';, module of group map to % . Since k" is injective as Z-module we have the
following relation between total derived functors:

(R(~)"*) Hom(—, k") = R(Homy(~, k"))
In particular, taking the cohomology, we obtain the following isomorphism (give by the snake lemma)
H'(k,Hom(Pic(X), k")) = Ext} (Pic(X), k")
Moreover, for i = 2, this isomorphism maps bx to e(X).

Achtung. Notice that we proved something similar when we discussed the fundamental exact sequence
of C.T.-S. (in the previous talk). But this result applies without any assumptions on the I'y-module, in

particular even if Pic(X) is not of multiplicative type. Moreover here we obtain an explicit description of
the isomorphism, and this will be essential to carry on our proof with cocyles.

Step 2: Representation of bx
We argue as in the theorem of C.T.-S. about the representation of the elementary obstruction, because we
want to understand the cohomology class of by in terms of a 2-cocyle.

The proof relies on the following remark: The Yoneda pairing

Extl(Divo(X), k") & Ext?(Pic(X), k")
sends the inverse of class of the extension 1 — = k(X)* I Divg (X) > Ototheclassof 1 — k' —
kE(X)* — Div(X) — Pic(X) — 0. Hence it is enough to give a description in terms of cocyles of the
first extension, as element of H'(k, Hom(Divo(X),% ), and to follow the construction of the connecting
homomorphism
H*(k, Hom(Divo(X), k) < H2(k, Hom(Pic(X), %))
Choose P € X (k) and let O p be the local ring of X at P. We have a section of the inclusion

ke O 5 given by the association g — g(P). Moreover the sequence of abelian groups
1 — Ogp — k(X)* = Divp(X) = 0

is split, since Div(X) is projective. This gives a section (of groups) from k(X )* to O 5, by composition
we obtain a section 7
ep k(X)) =k
which, if g is invertible at P can be expressed by the association g — g(P). Notice that if P is a k-point,
ie. P = P € X(k), then the section e can be made I';-equivariant.
Consider the extension '
1% = EX)* LY Diveg(X) — 0
and the map

op : Divg(X) — k(X)*, div(g) — ()
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This map of groups is a well defined section of div since g is uniquely determined up to scalar multiplication
and this problem is eliminated by taking the ratio. From o € C°(I'y, Hom(Div(X), k(X)*)) we obtain
dos € B! (I, Hom(Divo(X), k(X)*)) given by
dop:avr 2% _ %ap
op 9P
hence do is an element of Z' (', Hom(Divo(X), %")). Notice that we are just following the proof of the
snake lemma, and so was not necessary to prove the last assertion.
By construction the class of dos € H'(k, Hom(Divg(X), k")) corresponds to the inverse of the exten-
sion
15 % = k(X)L Divg(X) = 0
where we changed sign because of the relation
op(div(=)) + ep(—) = Idgx). ()

(The assertion “by construction” should be clear: e is a section of the map - k(X)* which lives in the

preimage of the identity when you apply the functor Hom( ’E*).) We are almost done, following the strategy
explained at the beginning: With the following exact sequences in mind

0 — Divo(X) — Div(X) — Pic(X) — 0

0 — Hom(Pic(X)) — Hom(Div(X), % ) — Hom(Divo(X), k) = 0
we do a bit of diagram chasing: by injectivity of &~ we extend doptoanelement 5 € C!(I'y, Hom(Div(X), )]

and we obtain dyy5 € B%(Ty, Homﬁ(?iv(X), k")) whose restriction to Divo(X) is d?0 = 0. And so we

have di5 € Z*(T',, Hom(Pic(X), k")), which is the element that represents the class of —bx.

Step 3: PT. pairing, global factor
Since X (Ay) # 0 we have that e(X) goes to zero under the restrictions from & to k, for all places v (we
have a I',-equivariant section), and so bx belongs to II12(k, Hom(Pic(X), k")).

To finish the proof we have to compute the P.T pairing

112 (k, Hom(Pic(X), k")) x I (k, Pic(X)) — Q/Z

of (bx,r(A)) but, thanks to the previous steps, we have bx = —diy and r(A) = —class(D), so it is
enough to compute the pairing (dvp, class(D)). With the notation of Step 0 we define

h:=¢5UD —esUf e CHTy k)

since, by direct computation, we have dh = dy U D, as wanted.

Step 4: PT. pairing, local factor
We notice that the support of div(fs ) is “small”: fs; are continuous map from I';, x I';, (with the profinite
topology) to k(X)* (with the discrete one), since the image of a compact in a discrete space is finite we
have that div(fs ) is supported by finitely many principal divisors. By the implicit function theorem (X is
smooth) we can choose P, € X (k,)away from div( fs ) for any place v.

As in Step 2 we consider the I',-equivariant map op,, and we define

0, : Divg(X) — EZ
as the composition of the inclusion of Div(X ) in Divo(X,) and the map % : Divo(X,) — k,,. Whenever

g € k(X)* is invertible at P and P, we can write

g 9(P) _g(P)
g(P) 9 g(P)

(if not this still make sense but we do not have an explicit description).
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Since op, is equivariant we have dop, = 0 and so, by the derivation rule, d(c) is the “restriction” of
dos € Z' (T, Hom(Divy(X), k")) to k. As above k., is an injective abelian group and so 6,, : Divo(X) —
Ez extends to a map

- -k

ty 2 Div(X) — k
Our candidate for the local factor is
& := b5 — dp, € CH(T,y, Hom(Div(X), k,))

As in Step 0 &, is trivial on Divo(X):
- the restriction of ¢ to Divo(X) is dop
- the restriction of dy, to Divo(X,) is do, which is the restriction of dop, .

Hence &, belongs to C''(T',, Hom (Pic(X), &, ) ). Moreover d, is just the restriction of dyp(< —by) to Ty,
('since d&, = dip — ddy,). As claimed &, is our local factor.

Step 5: last computation
We define €, € Br (k,) as the class of the cocyle

§oUclass(D) —h =9 UD —du, UD —yppUD +epU f =
=epUf—duyUD = —d(py UD) 4+ ppy UdD + ep U f
Hence €, can be also represented by 0, U div(f) + ez U f. But now we know how to compute them:

ep,(f)
ep(f)

Thanks to our choice of the P,s we can write that ¢, is the class of f(P,) = fs(F,). We proved
invy(§, UD — h) =inv,(A(P,)), with A = (fs4).

o, Udiv(f) = , and ep U f= eﬁ(f)

4.4. Torsor under tori.

4.4.1. Groups of Multiplicative type. Recall that a group of multiplicative type S over k is a commutative
linear k-group which is an extension of a finite group by a torus. The module of characters of S is the
abelian group S = Hom (S, G,,), equipped with the action of the Galois group T';.

We state here some results we used many times during this Workshop.

*

Theorem 4.4.1 (Rosenlicht’s Theorem). Let X,Y be geometrically irreducible k-varieties, then k[ X|* /k
is a free abelian group of finite rank and there is an isomorphism of groups
E[X <, Y /B 2 E[X]*/E < E[Y]* /K"
Theorem 4.4.2. Let G be a k-group. The association G ~ G gives an equivalence of category between the
category of k groups of multiplicative type and the category of discrete I',-modules of finite type. Moreover
a sequence of groups of multiplicative type is exact iff the dual of I'.-modules of characters is exact.
4.4.2. The only obstruction to the Hasse principle. Let G be an algebraic group of the following list
(1) atorus,
(2) a semisimple group,
(3) an abelian variety.
Then for G-torsors under X the only obstruction to the Hasse principle is the one attached to 5. In this
situation, following the proof of the Main Lemma, one obtain a simplified relation between the adelic Manin
pairing and the P.T. pairing using, in the corresponding situations, the following facts:
(1) “I'g-equivariant” Rosenlicht’s Theorem, i.e. the exactness of
1k —E[X]" =G —0.
(2) The exact sequence
1> F—-G“—>G¥—1
and the bijection H'(k, G*¢) = [], ,eat H' (kv, G*¢) of the Kneser-Harder-Chernousnov’s Theo-

rem.
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(3) The Cassel-Tate pairing:
I1(S) x II(S*) — Q/Z.

Today we will discuss just the first case, the theory of semisimple groups will be discussed in the two talks
of Professor Harari (see the next section), with many generalisations and the case of abelian varieties is
described in the last section of the notes.

As stated above our main goal is to prove the following.

Theorem 4.4.3. Let X be a torsor under a torus T, then the Manin obstruction related to G(X) is the only
obstruction to the Hasse principle.

Achtung. We drop the assumption k& = k[X]*.
Thanks to the result of Rosenlicht we have
T = E[T]*/E* = E[X]*/E*
where the last isomorphism is given because, over k, X and T are isomorphic (the category of torsors

is a groupoid!). It is quite easy to show that it does not depend on the choice of a k-point and that it is
I'y-equivariant: we can represent X as a cocyle ¢ € Z(I', T(k)) such that the action of g € T'; on

s € T(k) = X (k) is given by
g(s) = c(g) s

Moreover the action of s € T'(k) on k[T]*/k" = T is just the character multiplied by its value in s, hence it
is trivial.
This gives the exactness of

1ok kX" LT -0
as I',.-modules.

Achtung. Thanks to Rosenlicht we also have that T = k[ X]* [k~ = k,[X]* /..

Lemma 2.4.3 Skorobgatov ensures that the class of such extension in Ext,lﬁ(T, E*) corresponds to the
class of —[X]in H'(k,T).

Consider the low degree exact sequence from the H.S.

Pic(X)'* — H?(k,k[X]*) = Bri(X) — H'(k, Pic(X)) — H3(k, E[X]")
Since Pic(T) = Pic(X) = 0 we get Bry(X) = H?(k, k[X]*). Moreover the long exact sequence induced
byl — k" — k[X]* 5 T — 0 gives
Br (k) — H?(k,k[X*]) = Bri(X) — H%(k,T) — H*(k, k") =0
Thanks to the surjectivity of the last map we obtain an isomorphism
i: B(X)/Bro(X) = IIT2(k, T)

and this isomorphism allows as to state the “‘comparison lemma” between the two pairing.

Lemma 4.4.4. Let k be a number field and X a k-torsor under the action of a torus T such that X (A,) # (.
Then the class of X in H'(k,T) belongs to 1! (k,T). Let A € B(X), for any adelic point (P,) we have
the following equality:

Y mvy(A(R)) = —([X],i(A4)).

vEQ

Achtung. Notice that there the pairing of the LHS is not exactly the P.T. pairing of the previous section, but
it is the one Theorem 4.1.7. This will not be a big problem since it has a very similar description in terms of
cocyles (as proved in Neukirch’s Book). Both of them are not degenerate!
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Proof of the Theorem. From the equation between the pairings we get that the Manin obstruction attached
to 5(X) is the only one:

X (AP £ 0= X (k) £0
Indeed, given (P,) such that 3 ¢ inv,(A(P,)) = 0 for any A € B(X) we have
—([X],i(A)) =0, VA e B(X)
and the non degeneracy of (the second) P.T. pairing this implies [X] = 0 and so there exists a rational point

(if we see X in Extllﬁ(T, E*) it corresponds to a I'g-equivariant section). ]

Proof of the Lemma. The Proof is essentially the same of the other “comparison lemma” but more easy: one
considers the two group sections

ep  k[X]" — E
op T — E[X]*
We have 05(7(—)) + ep(—) = 1 and so dop = —dep and dop represents, in Exth (T, %) the class of

1=k — E[X]* & T — 0 (following the proof of the snake lemma), which corresponds —[X].
To describe explicitly the pairing ([X],i(A)) with A = (fs;) € Z%(Tk, k[X]*) we define
h=—epUf=f(P)"
because dh = —dep U f = dop U f. The local factor is just
9(P)
9(P)
op, is T'y-equivariant, hence dop, = 0. Thanks to this we have that do, € Z*(T',, Hom(T,k,)) is the

restriction to k,, of the cocyle dop, whose class in H!(k, Hom(T, k")) is —[X]. We are done since e,
corresponds to the class of

O :T—>EZ, v(g) —

703() ~h =0 09() +ep f = L 4 5(P) = (p),
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5. TALK 5: WEAK APPROXIMATION ON LINEAR GROUPS, PROFESSOR HARARI
Notes taken by Gregorio Baldi
5.1. Weak approximation on tori.
5.1.1. Statement of the main theorem. Let k be a number field, 7" a torus and T the Galois module of its
characters. T'(k) is defined as the closure of T'(k) into [[ ., T'(ky) with the direct product topology. And

T(k:)S the closure inside [ [, g T'(k,) (S finite set of places).
Recall the Tate’s local pairing (given by cup product):

HO(k,,T) x H?(ky,T) — Br (k)
where H°(k,, T) = T'(k,) and HO(k,, T) if v|co. T is not finite and so it induces a duality (perfect pairing)
on the profinite completions of H%(k,, T) and H?(k,,T).
This pairing induces a map [[,cq, 7'(kv) 4 1112 (T)P where

2(T) = {a € H*(k,T),a, = 0 € H?(k,, T) for almost all v}
It contains the usual H_IQ( ). Moreover we will denote

(T = {a € H*(k,T), a, = 0 forv ¢ S} C II12(T)
And the map is given by

0: (ty) — (@ +— Z(t”’ o)) (Tate Pairing)

v

it is a sum of finitely many terms by the definition of II12.

Theorem 5.1.1 (Voskresenskii, Sansuc). There is an exact sequence
0— T(k) > 1] 7« W) S I2(T)P — TIY(T) — 0
UEQk
for S finite the sequence becomes
0— T(k) —>HT ) & (TP — YT — 0
vES

The important part of the sequence are the first three terms.

5.1.2. Consequences.

Theorem 5.1.2.

a) The “defect of W.A.” (=the cokernel of i) is finite. “It almost satisfies WA”.

b) T satisfies “weak weak approximation” = there exists So C Sy such that T (k) is dense in [ [, g T (k)
for every finite S s.t. SN Sy = 0.

c) Let T D T a smooth compactification of T, BM obstruction to WA on T is the only one.

Remark 5.1.3. Part a) is far from being true for abelian varieties: the group that takes in to account the
defect of WA is huge: H' of the dual abelian varieties. Part ¢) is hard to translate on a function field: we do
not have resolution of singularities.

Exercise 5.1.4. Projective, not simply connected then the condition b) can not hold.
Proof. a). 1112 (T) finite? Suppose 7 is split, i.e. 7' = Z". Then

1113 (2) = 111, (Q/Z)
because H?(k,7Z) = H'(k,Q/Z) (from the sequence 0 — Z — Q — Q/Z). Moreover

1L(Q/Z) = 0
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By Chebotarev (Proposition 9.2 of Harari’s notes) and writing Q/7Z as limit of finite groups. Take L/k
galois s.t. T splits over L:

112 (T) C Ker(H?(k,T) — H*(L,T)) = H*(Gal(L/k),T)

Where the first inclusion is because, by the split case, we have 1112 (L, T) = 0; and the last equality follows
from the inflation-restriction exact sequence (thanks to the assumption H'(L,T) = H'(L,Z") = 0, as in
Corollaire 1.24 of Harari’s Notes). But 7" is of finite type and so the galois cohomology group is finite. [J

b). 1112 (T') finite and so there exists Sy C €, s.t. for any a € I, (T), oy = 0 for every v ¢ Sy. We
conclude since if S NSy = (), then H_I%(T ) = III2(T) and so there is no obstruction to W.W.A. outside Sy
(by the second exact of the main theorem sequence with such an .5). U
c). T — T¥¢, as in the last section of the previous talk we prove

T2 (T) = Bry(T°)/ Br (k)
We have Pic(T) = 0 since T = G”,. We have the following exact sequence (Rosenlicht’s Lemma)

% div

0—T=k[T]"/k =5 P — Pic(T") = 0
Where P is the permutation module of divisors at the infinity, and so Br;(7°¢)/ Br(k) = H'(k, Pic(T")).
H'(k,P)=0,112(P) = 0 (I12(Z) = 0)
0= T(k) = [[ (ko) % (Bra(T°)/ Br(k))?
Now we are left to check the compatibility of the BM pairing with 6. See Sansuc. O
]

5.1.3. Proof of the main theorem. a) T = G,, ok, I1II2(T) = I12(Z) = 0 and G,), satisfies WA (it is an
open subset of the affine space). And I1I'(G,,,) = 0 by Hilbert’s 90. Moreover it is the same for quasi-trivial
tori, by Shapiro.

b) Ono’s Lemma: T a torus, there exist two quasi-trivial tori R, R’ (i.e. R is permutation module and
R = [ Ry, 1k (Gy) < A} such that the following is exact

0-F—-R—-T"xR -0
with F' finite. So we can assume the existence of a sequence
O0—=+F—-R—-T—0

with R quasi-trivial and F finite. Since if the theorems holds for 7 x R’ then holds also for 7', because
taking the powers is not a problem and R’ is quasi trivial and so does not count by the previous step, as
explained by Proposition 1.4.1.

¢) S finite contained in ), we have the following exact sequence

H'(k, F) — [ [ H' (ko, F) — TIg(F)"
vES

thanks to the proposition at the end of the discussion [this part holds also for F' of finite type].
d) From the sequence 0 — F' — R — T" — 0 we get a big diagram with exact rows

R(k) ——— T(k) HY(k,F) —— H'(k,R) =0

3One could be even more precise: it is equal to Br(7)/ Br (k), because there are not trascendental Brauer classes.
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And the last map between the Sha groups is an isomorphism because H'(k, R) = 112 (k, R) = 0, by step
a) and the fact that the map is the one induced by 0 - 7' — R — F — 0.

Remark 5.1.5. The idea is to reduce the statement about torus to the case of a finite group, where we can
apply Poitou-Tate!

By easy diagram chasing and the fact that R(k)s = [I,es R(k,) we get the exactness of
0—T(k) = [ ] T(ky) — 1IZ(T)"
veS

Moreover, by definition of H.I% we have the exactness of

0 — II*(T) — I(T) — EBHQ ky, T))

Dualizing, using the iso (IT112(7"))? = I1I*(T"), given by Poitou-Tate applied to a torus and the isomorphism
given by the Local Tate pairing (?? paying attention to the archimedean places) we get the right cokernel.
e) Recall that I11,, is defined as the limit of I1lg with S finite. So, taking the limit over S, gives the exactness
of
0= T(k) = [] T(ky) — IIZ(T)"
vEQ

Proposition 5.1.6. Given F' a finite I'y-module then the following is exact:

H'(k, F) — [[ H (ko, F) — HOI§(F)"

veS

Proof. By the exact mid three terms of the nine terms exact sequence given by the global Poitou-Tate duality
(as stated at the beginning of the previous section) we have the exactness of

HY(k, M) — Pk(k, M) — H'(k, M)"

This implies the exactness of

m§(M) — [ [ H' (ko, M) — H' (k, M)P

vesS

Which, applied to M = F and dualizing we obtain

H'(k, F) = [[ H' (ky, F)P — OIg(F)”

veS

The local Tate duality induced by cup product (for finite I'y, -modules) gives us the isomorphism

H'(ky,, F)P = H' (k,, F)
Hence the result is proved. ([l
5.2. Arithmetic of linear algebraic groups.
Reference 5.2.1. The book [ ] and the article of Sansuc | ].

5.2.1. A few Remainders. All you have to know about the structure of linear algebraic groups.

k field (of char(k) = 0) [in positive char it is more easy to assume also smoothness].

Definition 5.2.2. A linear algebraic group G over k which is a Zariski closed of GL,,. Equivalently G affine
group scheme over k.

Example 5.2.3. GL,,SL,, PGL, atorus.

Assume G connected.

e GY = unipotent radical of G. Unipotent group means that one can embed it into the group of
unipotent matrices. Not very interesting for us: U unipotent implies H'(k,U) = 0 as a variety
U= A
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e (G/G" is a reductive group

Assume G reductive, GG is an extension
1-G*—->G—-T—1

with G*% semi simple. Notice that a semisimple group is equal to its derived subgroup G’ = [G, G], and
this implies G** = 1 character free (G,, is abelian, Hom(G, G,,) = Hom(G/[G, G], G,,) = 0) and so
E[G*]* =k~ (by Rosenlicht).

Reference 5.2.4. See | ] (very general) or Milne’s notes | . Also Chapter 5 of ] con-
tains a short overview.

For a semisimple group there exists a universal covering G*¢ which is semi-simple, simply connected
(there are not non trivial geometric étale covering, i.e. over the algebraic closure) and with Pic(G*¢) = 0
that fits in the following exact sequence:

1-F—>G“—>G*—1
F finite, central. This exact sequence induces (Thanks to Corollary 6.11 of [ ]) the following:
0 — G*(k) — G*(k) — F(k) — Pic(G>) — Pic(G*¢) — Pic(F) =0
Since G*¢ and G** are semi-simple, the firs two terms are zero and so one get also Pic(G*%) = F.

Reference 5.2.5. For the existence of the universal covering see Sansuc’s Crelle or “On Picard groups of
algebraic fibre spaces” of R. Fossum and B. Iversen.

Example 5.2.6. SL,, is semisimple, G L,, is reductive but not semisimple.
5.2.2. Arithmetic of G*°. Let G°° be a semi-simple and simply connected group over a filed k.
Theorem 5.2.7 (Harder). Assume k a p-adic field (i.e. finite extension of Q,). Then H*(k,G*¢) = 0

Every principal homogeneous space over the p-adic field under a semi simple and simply connected group
is trivial, i.e. has a rational points. Not easy to prove: you have to know the classification of those groups.

Example 5.2.8. G = SL,, and its twisted forms SLp.
Assume k a number field.

Theorem 5.2.9 (Platonov). G*¢ satisfies WA.
And finally the harder theorem.

Theorem 5.2.10 (Kneser-Harder-Chernousnov). Every principal homogeneous space of G°¢ satisfies Hasse
principle:
H'(k,G*) = [ H' (k. G™)
v real

is a bijection.
5.2.3. Main Theorem.

Theorem 5.2.11 (Sansuc, 1981). Let G be a connected linear group over a number field k. Then

(1) Let X be a principal homogeneous space of G, then the BM obstruction to the Hasse Principle
associated to 5(X) is the only one.
(2) Let G¢ be a smooth compactification of G, then the BM obstruction to WA is the only one for G°.

Reference 5.2.12. The first part of | 1 (It is a fundamental paper!).
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5.2.4. WA. by Galois Cohomology. k a number field, G connected (reductive) linear group.
Remark 5.2.13. At least in char 0 reductive is not a restrictive assumption: the unipotent part plays no role.
We try to mimic the property of Ono’s Lemma as follows.

Definition 5.2.14. A special covering of G is an exact sequence of k-groups®
(5.1) 1-B—-G —-G—1

with B finite (as k-group), G’ = R x G where R is a quasi trivial torus (i.e. isomorphic to the product of
Weil restrictions: R = [[ Ry, /kGm) and Gy is semi simple, simply connected. Then we have:

e Biscentral in G/,
o H'(k,G') =2 @D, yous H kv, G') =2 D, ;oo H' (kv, Go) since H'(k,R) = H'(k,,R) = 0 by
Shapiro’s Lemma and Hilbert’s 90, and Kneser-Harder-Chernusov.

The proof of the following Lemma is just a generalization of Ono’s Lemma.

Lemma 5.2.15. There exists m > 0 and a quasi trivial torus Ry s.t. G™ X Rg has a special covering.
Thanks to this, from now on, we can assume (5.1) does exists.

Theorem 5.2.16 (Sansuc). Let S D Qs be a finite set of places of k. Then

G(k) — H G(ky)

vES

Coker

>~ Coker [Hl(k, B) - @ H' (kv, B)
vesS
So the defect of weak approximation at S is given by

I(B)” = Ker[H' (k, B) —» [[ H' (kv, B)]”
vES
where B = Hom(B, G,,).
Taking the limit over S, we obtain the following Corollary (exactly as in the case of a torus).

Corollary 5.2.17. There is an exact sequence

0 — G(k) —>HG ) & 1L (B)P — I12(B) — 0
all v

(the last arrow is from global P.T.). Then Coker i is finite and G satisfies WWA.
The idea is to abelianize the cohomology (the first two terms are not abelian groups, but the coker does!).

Proof. Thanks to (5.1) we obtain an exact sequence of pointed set:

G'(k) ——— G(k) H'(k,B) HY(k,G)

J | l l

HveS G'(ky) — Hves G(ky) ——— HvES Hl(kvv B) ——— HveS Hl(kva G')

The last vertical arrow is an isomorphism by K.H.C. together with the fact that G’ satisfies WA, since
G’ 2 R x Gq which is ss, sc by Platonov.

Now diagram chasing as in the previous section and Proposition 5.2.19. conclude.

“Non commutative diagram chasing, but you don’t need a torsion argument because it is central!” (|

Achtung. 7o see that the map [],.q G'(ky) = [ ,eg G(kv) is continuous one has to check something.
Definition 5.2.18. G is split if a maximal torus 7" of G is split (= G%).

In particular G split implies that B 22 [ [, y1n,,, and so B has trivial Galois action.

6Isogenies.
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Proposition 5.2.19. Let B a finite Galois module. Take K /k finite Galois extension s.t. the action of
Gal(k, k) factorize through Gal(XK, k). Then

HIA:LSY(B) - IH}? non syc(B)
with Sy0n sye C S consists of places v s.t. the decomposition subgroup of v for K /k is not cyclic.

Proof. See Lemme 1.1 and 1.2 of [ ] (page 18). It is just a consequence of Chebotarev: every cyclic
subgroup of the Galois is conjugated to a decomposition group! ([l

Let G be connected, linear. Take K /k Galois finite s.t. G splits over K.

Example 5.2.20.
a) Assume that for v € S, every decomposition subgroup of K /k at v is cyclic. Then G satisfies WA
at S because I115(B) = III'(B).
b) In particular if v|oco, G satisfies WA at v.
¢) For R, / +Gm with K/ bycilic (i.e. product of two cyclic group), then there are counterexamples.
5.2.5. Obstruction to the Hasse Principle. We consider (5.1):
1-B—-G —-G—=1

and the map
d: H'(k,G) — H*(k,B)
because B is central in G’. So we have a map on the completion, and it make sense (= it respects “being

locally trivial”) to consider
§: 1IY(G) — 1I1*(B)

Theorem 5.2.21 (Sansuc). ¢ : II1Y(G) — 11%(B) is injective (actually a bijection).

BM obstruction is an abelian obstruction, so to relate obstruction to BM you have to abelianize the
phenomena as we are doing.

Proof. Asusual G' = R x Gy, and we have:

H(k,B) H'(k,G") H(k,G) H?(k,B)

l l l |

[To eat H' (ko B) —— Ty yea H' (o, G") —— Tlau o H' (ko, G) —— Ly o H?(kv, B)

v real all v all v

Notice that it is important to restrict ourself to finitely many places (i.e. v real in the left). Diagram chasing:
consider g € H'(k, G) s.t.

HY(k, B) g g 0
| | |
by (95) 0

Notice that the map
H'(k,B) = ] H'(kw, B)
v real
is surjective since its cokernel is LH;(E ), which is zero by the previous lemma, since S is the set of real
places (all the decomposition groups are cyclic!) and the fact that IH}U(B)D = 0.
Considering the part (g,) makes sense even if it is not zero because can be modified using the surjectivity
discussed above, and then an usual torsion argument applies. (|

Corollary 5.2.22. Let X be a principal homogeneous space of G. Assume X has a point in extensions k;/k
with coprime [k; : k|. Then X has a k-point.
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Proof. We prove it just in the case Qr = (). We call « the class of X in H'(k, G). Consider
0— H (ky,G) % H2(ky, B)
it is injective because H'(k,, G') = 0. We have that d(«,,) = 0 by Restriction-Corestriction. So
I1'(G) — 11*(B)
So d(a) = 0 by Res-Cores.

Remark 5.2.23. If GG is not connected this is an open question (G not abelian, if not Res-Cor works).
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