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ABSTRACT. Let k be a finitely generated field of characteristic p > 0 and ` a prime 6= p. LetX be a smooth, separated,
geometrically connected curve of finite type over k and ρ : π1(X) → GLr(Z`) a continuous representation of the
étale fundamental group of X with image Π. Every k-rational point x : Spec(k) → X induces a local representation
ρx : π1(Spec(k))→ π1(X)→ GLr(Z`) with image Πx. The main result of this paper is that if every open subgroup
of ρ(π1(Xk)) has finite abelianization, then the set Xex

ρ (k) of k-rational points such that Πx is not open in Π is finite
and there exists an integer N ≥ 1, depending only on ρ, such that [Π : Πx] ≤ N for all x ∈ X(k) −Xex

ρ (k). This
result can be applied to obtain uniform bounds for the `-primary torsion of group theoretic invariants in one dimensional
families of varieties. For example, torsion of abelian varieties and Galois invariants of the geometric Brauer group. This
extends to positive characteristic a previous result of Cadoret-Tamagawa in characteristic 0.
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1. INTRODUCTION

1.1. Notation. In this paper k is a field of characteristic p > 0 with algebraic closure k ⊆ k. A k-variety is
reduced scheme separated and of finite type over k. For a k-variety X , write |X| for the set of closed points and
for every integer d ≥ 1, X(≤ d) for the set of all x ∈ |X| with residue field k(x) of degree ≤ d over k. If d = 1
we often write X(≤ 1) = X(k). Let ` be a prime always 6= p.

1.2. Exceptional Locus. From now on, let X be a smooth geometrically connected k-variety. Let ρ : π1(X) →
GLr(Z`) be a continuous representation of the étale fundamental group1 of X . By functoriality of the étale
fundamental group, every x ∈ |X| induces a continuous group homomorphism π1(x) → π1(X), hence a “local”
Galois2 representation ρx : π1(x)→ π1(X)→ GLr(Z`). Set

Π = ρ(π1(X)) Πk = ρ(π1(Xk)) Πx = ρx(π1(x)).

Write Xgen
ρ for the set of all x ∈ |X| such that Πx ⊆ Π is an open subgroup of Π and set

Xex
ρ := |X| −Xgen

ρ ; Xgen
ρ (≤ d) := Xgen

ρ ∩X(≤ d); Xex
ρ (≤ d) := Xex

ρ ∩X(≤ d).

We call Xex
ρ the exceptional locus of ρ. The study of Xgen

ρ (≤ d) is an important problem especially when the
representation comes from a smooth proper morphism f : Y → X (see Subsection 1.5), so that Πx controls fine
arithmetic and geometric invariants of the family Yx, x ∈ |X|. Since the Frattini subgroup of Π is open ([SB97,
Pag. 148]), a classical argument ([SB97, Section 10.6]) shows that if k is Hilbertian (in particular if k is finitely
generated) there exists a d ≥ 1 such that Xgen

ρ (≤ d) is infinite.

1As the choice of fibre functors will play no part in the following we will omit them for the notation for étale fundamental group.
2Recall that π1(x) ' π1(Spec(k(x)) identifies with the absolute Galois group of k(x).

1
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1.3. Uniform open image theorem. When X is a curve and k is finitely generated, one can go further, under a
mild assumption on ρ : π1(X)→ GLr(Z`).

Definition 1.3.1. A topological group Π is Lie perfect3 (or LP for short) if every open subgroup of Π has finite
abelianization. We say that ρ : π1(X) → GLr(Z`) is Lie perfect (or LP for short) if Π is LP and that ρ is
geometrically Lie perfect (or GLP for short) if Πk is LP .

With this terminology, we can state our main result, which is an extension of [CT12b, Theorem 1.1] to positive
characteristic.

Theorem 1.3.2. Assume that X is a curve and k is finitely generated. If ρ is GLP , then Xex
ρ (≤ 1) is finite and

there exists an integer N ≥ 1, depending only on ρ, such that [Π : Πx] ≤ N for all x ∈ Xgen
ρ (≤ 1).

WhenX(k) is infinite, Theorem 1.3.2 gives us uniform boundedness results that are impossible to achieve using
the arguments in [SB97, Section 10.6]; see for example Corollaries 1.5.1 and 1.5.2.

1.4. Strategy. While the general strategy of the proof of Theorem 1.4.3 is similar to the one of [CT12b, Theorem
1.1], the technical details are more complicated in positive characteristic. Indeed, the proof of Theorem 1.3.2 is
based on the genus computations, via the Riemann-Hurwitz formula, of careful chosen abstract modular curves.
In positive characteristic, the Riemann-Hurwitz formula involves wild inertia terms and - even assuming ` 6= p -
controlling those wild inertia terms is rather delicate. To deal with them, we generalize the computations made in
[CT12a].

1.4.1. Abstract modular scheme. For every open subgroup U ⊆ Π write fU : XU → X for the connected étale
cover corresponding to the open subgroup ρ−1(U) ⊆ π1(X) and kU for the smallest separable field extension of
k over which XU is geometrically connected. Write Uk = U ∩Πk and recall the following anabelian dictionary.

Fact 1.4.1. For every open subgroup U ⊆ Π the following hold:
(1) For every x ∈ |X|, we have that Πx ⊆ U if and only if x lifts to a k(x)-rational point on XU ;
(2) The cover XUk

→ Xk corresponding to the open subgroup Uk ⊆ Πk is XU ×kU k → Xk.

In view of Fact 1.4.1, we call XU the connected abstract modular scheme associated to U . Fact 1.4.1 enabled
Cadoret-Tamagawa in [CT12b] to construct a projective system of abstract modular schemes (whose definition is
recalled in Section 3.1.2):

fn : Xn :=
∐

U∈Cn(Π)

XU → X.

This system has the property that if x ∈ |X| does not lift to a k(x)-rational point of Xn for some n ≥ 1, then
Πx ⊆ Π is not an open subgroup; see Lemma 3.1.2. The finiteness of Xex

ρ (≤ d) can be then formulated in
diophantine terms as follows:

(1): The image of lim←−Xn(≤ d)→ X(≤ d) is finite.

To prove (1) it is enough to show

(2): The set Xn(≤ d) is finite for n� 0.

1.4.2. Growth of Genus. If X is a curve, k is finitely generated and d = 1, by [Sam66] and an argument of
Voloch (see [EElsHKo09, Theorem 3] for more details), the finiteness of Xn(k) is controlled by the genus gU of
the smooth compactification of XUk

for U ∈ Cn(Π).

Fact 1.4.2. If k is finitely generated of positive characteristic, there exists an integer g ≥ 2, depending only on k,
such that for every smooth proper k-curve Y with genus ≥ g, the set Y (k) is finite.

Fact 1.4.2 reduces (2) to the geometric Theorem 1.4.3 below, which extends [CT12b, Theorem 3.4] to positive
characteristic. Write Πk(n) := Ker(Πk → GLr(Z`/`n)).

3The terminology comes from the fact that if Π is an ` adic Lie group this condition is equivalent to Lie(Π)ab = 0.
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Theorem 1.4.3. Assume that X is a curve, ρ is GLP and ` 6= p. Then for every closed but not open subgroup
C ⊆ Πk we have

lim
n→+∞

gCΠk(n) = +∞.

To prove Theorem 1.4.3, one may assume k = k, hence that Π = Πk. We first replace XCΠ(n) → X with
a Galois cover XΠ̃C(n) → X , closely related to the Galois closure of XCΠ(n) → X , and we use the GLP
hypothesis to show that the genus of XΠ̃C(n) goes to infinity. Then we translate into group theoretical terms the
Riemann-Hurwitz formula for XΠ̃C(n) → XCΠ(n) to show that the genus of XΠ̃C(n) tends to infinity (if and) only
if the genus of XCΠ(n) does. Here, we use crucially that ` 6= p to control the wild inertia terms appearing in the
Riemann-Hurwitz formula for XΠ̃C(n) → XCΠ(n). This part of the argument is significantly more difficult than in
the proof of [CT12b, Theorem 3.4].

1.5. Applications to motivic representations. Let f : Y → X be a smooth proper morphism and let ` 6= p be
a prime. For x ∈ X , choose a geometric point x over x and set Yx (resp. Yx) for the fibre of f at x (resp. x).
By smooth proper base change Rif∗Z`(j) is a lisse sheaf hence, for every x ∈ |X|, gives rise to a continuous
representation

ρ` : π1(X)→ GL(Hi(Yx,Z`(j)))
such that ρ`,x : π1(x)→ GL(Hi(Yx,Z`(j))) identifies with the natural Galois action of π1(x) on Hi(Yx,Z`(j)).
By [CT12b, Theorem 5.8], the representation ρ` is GLP , so that we can apply Theorem 1.3.2 to it.

1.5.1. Uniform boundedness `-primary torsion of abelian schemes. Let f : Y → X be a g-dimensional abelian
scheme. For x ∈ X and any integer n ≥ 1, write Yx[`n] : Yx[`n](k(x)) for the `n-torsion of Yx and set

Yx[`∞] :=
⋃
n

Yx[`n]; T`(Yx) := lim←−
n

Yx[`n].

Since k is finitely generated, Yx[`∞](k(x))(= Yx[`∞]π1(x)) is finite by the Mordell-Weil theorem. From the
π1(x)-equivariant isomorphisms

T`(Yx) ' H2g−1(Yx,Z`(g)); T`(Yx)⊗Q`/Z` ' Yx[`∞](k(x))

and Theorem 1.3.2, we obtain the following uniform bound for Yx[`∞](k), x ∈ X(k).

Corollary 1.5.1. Assume that k is finitely generated, X is a curve and f : Y → X is an abelian scheme. There
exists an integer N ≥ 1, depending only on f : Y → X and `, such that |Yx[`∞](k)| ≤ N for every x ∈ X(k).

Proof. Since Π` := ρ`(π1(X)) is a compact `-adic Lie group, it is topologically finitely generated hence it has only
finitely many open subgroups of bounded index. So, by Theorem 1.3.2, the set of subgroups Π`,x ⊆ Π` appearing
as ρ`,x(π1(x)) for x ∈ X(k) is finite. In particular, the set of abelian groups {Yx[`∞]π1(x) ' Yx[`∞](k) | x ∈
X(k)} is finite. �

1.5.2. Further applications. In the subsequent paper [Amb18], Theorem 1.3.2 is used to prove the following
results. For x ∈ |X|, let Br(Yx)π1(x)[`∞] denote the Galois invariants of the `-primary torsion of the geometric
Brauer group Br(Yx) := H2(Yx,Gm) of Yx.

Corollary 1.5.2. Assume that k is finitely generated and that X is a curve with generic point η. Then
• [Amb18, Corollary 1.6.3.1]: Assume that all the closed fibres of f : Y → X satisfy4 the `-adic Tate

conjecture for divisors ([Tat65]). Then there exists an integer N ≥ 1, depending only on f : Y → X and
`, such that |Br(Yx)π1(x)[`∞]| ≤ N for every x ∈ X(k).

• [Amb18, Corollary 1.6.1.2]: For all but at most finitely many x ∈ X(k), the rank of the Néron-Severi
group of Yx is the same as the one of the Néron-Severi group of Yη

Corollaries 1.5.1 and 1.5.2 are extensions to positive characteristic of previous results obtained in [CT12b],
[VAV16, Thm. 1.6, Cor. 1.7] and [CC18].

4This holds, for example, if f : Y → X is a family of abelian varieties or of K3 surfaces.
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1.6. Organization of the paper. The paper is organized as follows. In Section 2 we prove Theorem 1.4.3. In
Section 3 we recall the construction of a projective system of abstract modular schemes Xn → X , parametrizing
points with small image and some facts about them. After this, we prove Theorem 1.3.2. In Subsection 3.3, we
discuss possible extensions of Theorem 1.3.2 to points of bounded degree. All the results and the proofs in this
paper work in the characteristic zero setting but, since this situation is already treated in [CT12b], we will assume
that p > 0 to simplify the exposition.

1.7. Acknowledgement. This paper is part of the author’s Ph.D. thesis under the supervision of Anna Cadoret.
He thanks her for suggesting the problem and the appropriate references. He is also very grateful for her careful
re-readings of this paper and her constructive suggestions.

2. PROOF OF THEOREM 1.4.3

2.1. Notation.

2.1.1. For a group Γ and subgroups I,H ⊆ Γ write

KH(Γ) := ∩g∈ΓgHg
−1 and IH := I/(I ∩KH(Γ))

for the largest normal subgroup of Γ contained in H and the largest quotient of I that acts faithfully on Γ/H . For
every closed subgroup Γ ⊆ GLr(Z`), write Γ(n) := Ker(Γ→ GLr(Z`/`n)) and Γn := Im(Γ→ GLr(Z`/`n)).
We use � and ↪→ to denote surjective and injective maps respectively.

2.1.2. From now on we retain the notation of Theorem 1.4.3. By Fact 1.4.1(2), we may assume k = k, hence
that Π = Πk is LP. Set

Π̃C(n) := Ker(ΠC � (Πn)Cn) and ΠC(n) := Ker(Π � (Πn)Cn).

The following exact diagram summarizes the situation:

1

1 Π̃C(n) 1

1 KC(Π) Π(n) 1

KCn(Πn) Π ΠC(n)

Πn ΠC

1 (Πn)Cn 1

1 1 1.

Since if g ∈ Π acts trivially on Πn/Cn for every n then it acts trivially on Π/C, the collection {ΠC(n)}n∈N is a
fundamental system of neighbourhoods of the identity in ΠC .

2.2. Preliminary reduction. In this section we show that we can assume that for every integer n ≥ 1:
(1) KC(Π) = KC(CΠ(n));
(2) Π̃C(1)/Π̃C(n) is an `-group.

Since we are interested in the asymptotic behaviour of gCΠ(n) we can freely replace Π with CΠ(n0) for some
integer n0 ≥ 1. So:

(1) Follows from the fact the increasing sequence KC(Π) ⊆ KC(CΠ(1)) ⊆ ... ⊆ KC(CΠ(n)) ⊆ ... of
closed subgroups of Π stabilizes ([CT12b, Theorem 6.1]);

(2) Follows if we prove that Π̃C(n0)/Π̃C(n) is an `-group for some integer n0 ≥ 1 and any n > n0. Write
An := Π̃C(n)/Π(n). Using the commutative exact diagram
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1 Π(n) Π̃C(n) An 1

1 Π(1) Π̃C(1) A1 1

we find an exact sequence

1→ B`,n → Π̃C(1)/Π̃C(n)→ A1/An → 1,

where B`,n is a quotient of Π(1)/Π(n), hence an `-group. Since A1 is finite, for some n0 � 0 and any
n ≥ n0 the surjection A1/An � A1/An−1 is an isomorphism. The (non abelian) snake lemma applied to
the commutative diagram

1 B`,n Π̃C(1)/Π̃C(n) A1/An 1

1 B`,n−1 Π̃C(1)/Π̃C(n− 1) A1/An−1 1,

'

shows that

Π̃C(n− 1)/Π̃C(n) = Ker(Π̃C(1)/Π̃C(n)→ Π̃C(1)/Π̃C(n− 1)) ⊆ B`,n,

hence that Π̃C(n−1)/Π̃C(n) is an `-group. We conclude by induction on n ≥ n0 using the exact sequence

1→ Π̃C(n− 1)/Π̃C(n)→ Π̃C(n0)/Π̃C(n)→ Π̃C(n0)/Π̃C(n− 1)→ 1.

So, from now on we may and do assume that (1) and (2) hold.

2.3. gΠ̃C(n) → +∞. We use that Π is Lie perfect and XΠ̃C(n) → X is Galois. Since C is closed but not open in
Π, |(Πn)Cn | → +∞ hence gΠ̃C(n) → ∞ as soon as sup gΠ̃C(n) > 1. Indeed, assume that gΠ̃C(n0) > 1 for some
n0 ≥ 1. Then, for every n > n0, the Riemann Hurwitz formula for XΠ̃C(n) → XΠ̃C(n0) yields

lim
n→+∞

2gΠ̃C(n) − 2 ≥ lim
n→+∞

|(Πn)Cn |
|(Πn0

)Cn0
|
(2gΠ̃C(n0) − 2) = +∞.

So it remains to show that sup gΠ̃C(n) = 1 and sup gΠ̃C(n) = 0 are not possible.

2.3.1. sup gΠ̃C(n) = 1. Assume sup gΠ̃C(n) = 1. Then there exists n0 such that for all n ≥ n0 the smooth
compactification of XΠ̃C(n) is an elliptic curve. Since finite morphisms between elliptic curves are unramified, the

Galois group Π̃(n0)/Π̃(n) ' ΠC(n0)/ΠC(n) ofXΠ̃C(n) → XΠ̃C(n0) would be a quotient of the étale fundamental
group of the smooth compactification of XΠ̃C(n0). In particular it would be abelian, hence

ΠC(n0) = lim←−
n

ΠC(n0)/ΠC(n)

would be abelian and infinite. But this contradicts the fact that Π is Lie perfect, since ΠC(n0) would be an infinite
abelian quotient of the open subgroup Π̃C(n0) of Π.

2.3.2. sup gΠ̃C(n) = 0. Assume sup gΠ̃C(n) = 0. This means that for all n ≥ 0, the smooth compactification of

XΠ̃C(n) is isomorphic to P1. So the Galois group Π̃C(1)/Π̃C(n) ' ΠC(1)/ΠC(n) of XΠ̃C(n) → XΠ̃C(1) is a
subgroup of PGL2(k). We use the following:

Fact 2.3.1. [Cad12a, Corollary 10] Suppose that k is an algebraically closed field of characteristic p > 0. A finite
subgroup of PGL2(k) is isomorphic to one of the following groups:

• A cyclic group;
• A dihedral group D2m of order 2m, for some m > 0;
• A4, A5, S4;
• An extension 1 → A → Π → Q → 1, with A an elementary abelian p-group and Q a cyclic group of

prime-to-p order;
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• PSL2(Fpr ), for some r > 0;
• PGL2(Fpr ), for some r > 0;

where Fpr denotes the finite field with pr elements.

From Fact 2.3.1 and the fact that ΠC(1)/ΠC(n) is an `-groups by Section 2.2(2), the only possibility is that
ΠC(1)/ΠC(n) is a cyclic group or ` = 2 and ΠC(1)/ΠC(n) ' D2m . If the groups ΠC(1)/ΠC(n) are abelian for
n � 0 we can conclude as in 2.3.1. So assume ` = 2 and ΠC(1)/ΠC(n) ' D2m . Since D2m fits into an exact
sequence

0→ Z/2m−1 → D2m → Z/2× Z/2→ 0,

the exactness of lim←− on finite groups yields an infinite abelian open subgroup Z2 ⊆ lim←−
n

ΠC(1)/ΠC(n) ' ΠC(1),

and we conclude as in 2.3.1.

2.4. Definition of λ. If f : Y → X is a cover we define

λY/X :=
2gY − 2

deg(f)
.

The following directly follows from the Riemann-Hurwitz formula.

Lemma 2.4.1. Let ... → Xn+1 → Xn → ... → ... → X be a sequence of finite covers of smooth proper
connected curves over an algebraically closed field k. Then λXn+1/X ≥ λXn/X . Assume furthermore that
Deg(Xn → X)→ +∞. Then gXn → +∞ if and only if lim

n→+∞
λXn/X > 0

For an open subgroup U ⊆ Π write λU := λXU/X . With this notation, applying Lemma 2.4.1 to

... XΠ̃C(n+1) XΠ̃C(n) ... XΠ̃C(1) X

... XCΠ(n+1) XCΠ(n) ... XCΠ(1) X

one gets inequalities

λCΠ(n+1) λCΠ(n)

λΠ̃C(n+1) λΠ̃C(n)

≥

≥

≥ ≥

hence λΠ̃C
:= lim

n→+∞
Π̃C(n) and λC := lim

n→+∞
λCΠ(n) exist with λΠ̃C

≥ λC . Also, since C ⊆ Π is closed but not
open

(1) |(Πn)Cn | → +∞, hence gΠ̃C(n) → +∞ if and only if λΠ̃C
> 0;

(2) |Πn/Cn| → +∞, hence gCΠ(n) → +∞ if and only if λC > 0.

By Section 2.3, λΠ̃C
> 0 hence it is enough to show that λΠ̃C

= λC . The remaining part of this section is devoted
to the proof of this fact.

2.5. Inertia subgroups. Consider the commutative diagram:
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XΠ̃C(n) XCΠ(n)

X

Cn/KCn (Πn)

enQ,d
n
Q

ei,n,di,n

(Πn)Cn

eQ,n,dQ,n

Πn/Cn

Suppose that Xcpt −X = {P1, ..., Pr} and denote with Ii ⊆ Π the image via π1(X) � Π of the inertia group of
the point Pi. The situation is then the following.

• XΠ̃C(n) → X is a Galois cover with Galois group (Πn)Cn . The inertia group and the ramification
index of any point of XΠ̃C(n) over Pi are given5 by (Ii,n)Cn ⊆ (Πn)Cn and ei,n := |(Ii,n)Cn |. Write
((Ii,n)Cn)j ⊆ (Πn)Cn for the jth-ramification group in lower numbering (see [Ser79, Section 1, IV]) over
the point Pi and (ei,n)j for its cardinality. Finally set di,n for the exponent of the different of any point of
XΠ̃C(n) over Pi.

• XCΠ(n) → X is the cover corresponding to the open subgroup CΠ(n) ⊆ Π. If Q ∈ XCΠ(n) is over Pi
we denote with eQ,n, dQ,n the ramification index and the exponent of the different of Q over Pi.

• XΠ̃C(n) → XCΠ(n) is a Galois cover with Galois group Cn/KCn(Πn) ⊆ (Πn)Cn and there is a natural
bijection of sets

{Q ∈ XCΠ(n) | Q|Pi} ' (Ii,n)Cn\Πn/Cn.

If Q correspond to the element (Ii,n)Cnx ∈ (Ii,n)Cn\Πn/Cn, then the inertia group and the ramifica-
tion index at Q are given by Stab(Ii,n)Cn

((Ii,n)Cnx) and |Stab(Ii,n)Cn
((Ii,n)Cnx)| := enQ. The jth-

ramification group is given by ((Ii,n)Cn)j ∩ Stab(Ii,n)Cn
(x). Write |((Ii,n)Cn)j ∩ Stab(Ii,n)Cn

(x)| =
(enQ)j .

By [Ser79, Section 4, III, Pag. 51] we have the following relations:

ei,n = enQeQ,n; di,n = dnQ + enQdQ,n;
∑
Q|Pi

eQ,n = |Πn/Cn|.

2.6. Comparison. Using the Riemann-Hurwitz formula we get

λCΠ(n) = 2gX − 2 +
1

|Πn/Cn|
∑

1≤i≤r

∑
Q|Pi

dQ,n and λΠ̃C(n) = 2gX − 2 +
∑

1≤i≤r

di,n
ei,n

,

hence

λΠ̃C(n) − λCΠ(n) =
1

|Πn/Cn|

( ∑
1≤i≤r

di,n|Πn/Cn|
ei,n

−
∑
Q|Pi

dQ,nei,n
ei,n

)

=
1

|Πn/Cn|

( ∑
1≤i≤r

di,n
∑
Q|Pi eQ,n

ei,n
−
∑
Q|Pi

dQ,nei,n
ei,n

)
=

1

|Πn/Cn|

( ∑
1≤i≤r

∑
Q|Pi

di,neQ,n − dQ,nei,n
ei,n

)

=
1

|Πn/Cn|

( ∑
1≤i≤r

∑
Q|Pi

di,n − dn,QenQ
enQ

)
=

1

|Πn/Cn|

( ∑
1≤i≤r

∑
Q|Pi

dnQ
enQ

)
.

So it is enough to show that for every integer 1 ≤ i ≤ r one has

lim
n→∞

1

|Πn/Cn|
∑
Q|Pi

dnQ
enQ

= 0.

5Since the cover is Galois the conjugacy class of the ramification group does not depend on the choice of the point over Pi
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By [Ser79, Proposition 4, IV, Pag. 64] we have

1

|Πn/Cn|
∑
Q|Pi

dnQ
enQ

=
1

|Πn/Cn|
∑
j≥0

∑
Q|Pi

(enQ)j − 1

enQ
.

2.7. Galois formalism. Consider the surjection

φj : ((Ii,n)Cn)j\Πn/Cn → (Ii,n)Cn\Πn/Cn

and recall the following elementary lemma.

Lemma 2.7.1 ([CT12a, Lemma 4.3]). Let G be a finite group and H ⊆ G a normal subgroup. Let X be a finite
set on which G acts and consider the natural surjection q : H\X � G\X . If Gx ∈ G\X then

|q−1(Gx)| = |G||StabG(Gx) ∩H|
|H||StabG(Gx)|

.

If, under the bijection
(Ii,n)Cn\Πn/Cn ' {Q ∈ XCΠ(n) | Q|Pi},

the element (Ii,n)Cnx ∈ (Ii,n)Cn\Πn/Cn corresponds to the point Q ∈ XCΠ(n) above Pi, by Lemma 2.7.1 we
have

|φ−1
j ((Ii,n)Cnx)| = |(Ii,n)Cn |

|((Ii,n)Cn)j |
|((Ii,n)Cn)j ∩ Stab(Ii,n)Cn

((Ii,n)Cnx)|
|Stab(Ii,n)Cn

((Ii,n)Cnx)|
=

ei,n
(ei,n)j

(enQ)j

enQ
.

Summing over all the Q ∈ XCΠ(n) above Pi, we get∑
Q|Pi

ei,n
(ei,n)j

(enQ)j

(enQ)
= |((Ii,n)Cn)j\Πn/Cn|.

A similar reasoning gives ∑
Q|Pi

ei,n
enQ

= |Πn/Cn|,

hence

1

|Πn/Cn|
∑
j≥0

∑
Q|Pi

(enQ)j − 1

enQ
=

1

|Πn/Cn|

(∑
Q|Pi

enQ − 1

enQ

ei,n
ei,n

)
+

1

|Πn/Cn|

(∑
j≥1

∑
Q|Pi

(enQ)j − 1

enQ

(ei,n)jei,n
(ei,n)jei,n

)
.

The first term is
1

|Πn/Cn|
∑
Q|Pi

1− 1

|Πn/Cn|
1

ei,n

∑
Q|Pi

ei,n
enQ

=
|(Ii,n)Cn\Πn/Cn|
|Πn/Cn|

− 1

|(Ii,n)Cn |
.

Recall the following:

Fact 2.7.2 ([CT12b, Theorem 2.1]). Let Π ⊆ GLr(Z`) be a closed subgroup and C ⊆ Π a closed but not open
subgroup. If KC(Π) = KC(CΠ(n)) for every integer n ≥ 0, then for every closed subgroup I ⊆ Π one has

lim
n→+∞

|In\Πn/Cn|
|Πn/Cn|

=
1

|IC |
.

Since lim←−(Ii,n)Cn = (Ii)C , Fact 2.7.2 and Section 2.2(1) show that

lim
n→+∞

|(Ii,n)Cn\Πn/Cn|
|Πn/Cn|

− 1

|(Ii,n)Cn |
= 0.

The second term is

1

|Πn/Cn|

(∑
j≥1

(ei,n)j
ei,n

( ∑
Q|Pi

(enQ)j

enQ

ei,n
(ei,n)j

)
− 1

ei,n

∑
Q|Pi

ei,n
enQ

)
=
∑
j≥1

(ei,n)j
ei,n

|((Ii,n)Cn)j\Πn/Cn|
|Πn/Cn|

− 1

|(Ii,n)Cn |
.
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2.8. Stabilization of the wild inertia. Assume from now on that j ≥ 1. We compute (ei,n)j using the diagram

XΠ̃C(n) XΠ̃C(1)

X

Π̃C(1)/Π̃C(n)

(Πn)Cn (Π1)C1

Write ((Ii,n)Cn)+ for the wild inertia subgroup of (Ii,n)Cn and

(Ii,n)Cn(1) := ker((Ii,n)Cn → (Ii,1)C1
), ei,n(1) := |(Ii,n)Cn(1)|.

Consider the commutative diagram with exact rows

0 (Ii,n)Cn(1) (Ii,n)Cn (Ii,1)C1 0

0 Π̃C(1)/Π̃C(n) (Πn)Cn (Π1)C1
0.

Since (Ii,n)Cn(1) ⊆ Π̃C(1)/Π̃C(n) are `-groups by Section 2.2(1) and ((Ii,n)Cn)j ⊆ ((Ii,n)Cn)+ are p-groups
by definition, we see that

(1) the map (Ii,n)Cn � (Ii,1)C1 induces an isomorphism

φi,n : ((Ii,n)Cn)+ ' ((Ii,1)C1
)+;

(2) ((Ii,n)Cn)j ∩ Π̃C(1)/Π̃C(n) = 1, so that Fact 2.8.1 below yields

φi,n(((Ii,n)Cn)j) = ((Ii,1)C1)dj/ei,n(1)e.

Write ji,0 for smallest integer ≥ 0 such that (ei,1)ji,0 = 0 and

((Ĩi,n)Cn)j := φ−1
i,n((Ii,1)j) ⊆ (Ii,n)Cn , ((Ĩi)C)j := lim←−

i

((Ĩi,n)Cn)j ⊆ ΠC .

Combining (1) and (2), we get

((Ii,n)Cn)j = ((Ĩi,n)Cn)dj/ei,n(1)e =

{
((Ĩi,n)Cn)k = ((Ĩi)C)k if ∃ 1 ≤ k ≤ ji,0 such that ei,n(1)(k − 1) < j ≤ ei,n(1)k

1 if j > ei,n(1)ji,0.
.

Fact 2.8.1 ([Ser79, Lemma 5, IV, Pag. 75]). Let K ⊆ L a finite Galois extension of local fields with group G. For
−1 ≤ u ∈ R, write Gu for the dueth ramification group in lower numbering and consider the function:

ψL/K(u) =

∫ u

0

1

[G0 : Gu]
dt.

If N ⊆ G if a normal subgroup corresponding to a Galois extension K ⊆ K ′, then

GuN/N = (G/N)ψL/K′ (u)
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2.9. End of proof. We can continue the computation∑
j≥1

|((Ii,n)Cn)j |
|(Ii,n)Cn |

|((Ii,n)Cn)j\Πn/Cn|
|Πn/Cn|

− 1

|(Ii,n)Cn |
=

ei,n(1)
∑

1≤k≤ji,0

|((Ĩi,n)Cn)k||((Ĩi,n)Cn)k\Πn/Cn|
|(Ii,n)Cn ||Πn/Cn|

− 1

|(Ii,n)Cn |
=

ei,n(1)

|(Ii,n)Cn |
∑

1≤k≤ji,0

|((Ĩi)C)k|
( |((Ĩi,n)Cn)k\Πn/Cn|

|Πn/Cn|
− 1

|((Ĩi)C)k|
)

=

1

|(Ii,1)C1 |
∑

1≤k≤ji,0

|((Ĩi)C)k|
( |((Ĩi,n)Cn)k\Πn/Cn|

|Πn/Cn|
− 1

|((Ĩi)C)k|
)
.

Setting (Ĩi)k for the preimage of ((Ĩi)C)k under the map Π � ΠC and observing that ((Ĩi)k)C = ((Ĩi)C)k, we
conclude the proof since

lim
n→+∞

|((Ĩi,n)Cn)k\Πn/Cn|
|Πn/Cn|

− 1

|((Ĩi)C)k|
= lim
n→+∞

|((Ĩi,n)Cn)k\Πn/Cn|
|Πn/Cn|

− 1

|((Ĩi)k)C |
= 0

by Fact 2.7.2 and Section 2.2(1).

3. PROOF OF THEOREM 1.3.2

3.1. Projective systems of abstract modular scheme.

3.1.1. Group theory. Fix a closed subgroup Π of GLr(Z`), write Φ(Π) for the Frattini subgroup of Π, i.e. the
intersection of the maximal open subgroups of Π. Set C0(Π) := {Π} and for every integer n ≥ 1 define Cn(Π)
as the set of open subgroups U ⊆ Π such that Φ(Π(n − 1)) ⊆ U but Π(n − 1) 6⊆ U . By [CT12b, Lemma 3.1],
the maps ψn : Cn+1(Π) → Cn(Π) ψn : U 7→ UΦ(Π(n − 1)) are well defined and they endow to the collection
{Cn(Π)}n∈N with a structure of a projective system. For any C := (C[n])n≥0 ∈ lim←−Cn(Π) write

C[∞] := lim←−C[n] = ∩C[n] ⊆ Π.

By [CT12b, Lemma 3.3], one has the following.

Lemma 3.1.1.
(1) Cn(Π) is finite and, for n� 0 (depending only on Π), it coincide with set of open subgroups U ⊆ Π such

that Π(n) ⊆ U but Π(n− 1) 6⊆ U
(2) For any C := (C[n])n≥0 ∈ lim←−n Cn(Π), the subgroup C[∞] is a closed but not open subgroup of Π.
(3) For any closed subgroup C ⊆ Π such that Π(n− 1) 6⊆ C there exists U ∈ Cn(Π) such that C ⊆ U .

3.1.2. Anabelian dictionary. Let X be a smooth geometrically connected k-variety and assume now that Π is the
image of a continuous representation ρ : π1(X) → GLr(Z`). Consider the following (possibly disconnected)
étale covers:

fn : Xn :=
∐

U∈Cn(Π)

XU → X.

Proposition 3.1.2. Let n be an integer� 0 (depending only on Π). If x ∈ X(k)−fn(Xn(k)), then Π(n−1) ⊆ Πx,
hence [Π : Πx] ≤ [Π : Π(n− 1)].

Proof. This follows from Fact 1.4.1 and Lemma 3.1.1(3). �

Assume from now on that X is a curve. From Theorem 1.4.3 we deduce:

Corollary 3.1.3. Assume that ρ is GLP, ` 6= p and fix two integers d1, d2 ≥ 1. Then there exists an integer N ≥ 1,
depending only on ρ, d1, d2, such that for every n ≥ N and every U ∈ Cn(Π) we have [kU : k] > d1 or gU > d2.

Proof. This follows from Theorem 1.4.3 arguing as in [CT12b, Corollaries 3.7 and 3.8]. �
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3.2. Proof of Theorem 1.3.2 and a corollary.

3.2.1. Proof of Theorem 1.3.2. Assume that X is a curve and ρ is GLP . Consider the projective system of covers
constructed in 3.1.2

fn : Xn :=
∐

U∈Cn(Π)

XU → X.

By Corollary 3.1.3 we can choose an n0 such that each connected component of Xn0
has genus lager then the

constant g of Fact 1.4.2 or is defined over a non trivial extension of k. By the choice of n0, the image Xn0
of

fn0
: Xn0

(k) → X(k) has a finite number of points. Replacing n0 with some integer n′0 ≥ n0, by Lemma 3.1.2
for all x ∈ X(k)−Xn0

we have Π(n0) ⊆ Πx. Hence Xex(k) ⊆ Xn0
is finite and one can take

N := max
x∈Xn0

−Xexρ (k)

{
[Π : Π(n0)], [Π : Πx]

}
.

This concludes the proof of Theorem 1.3.2.

3.2.2. Uniform boundedness of `-primary torsion. For further use, we state a generalization of Corollary 1.5.1 for
arbitrary GLP representations. We recall the notation and the terminology of [CT12b, Section 4]. Given a finitely
generated free Z` module T ' Zr` with a continuous action of π1(X) write V := T ⊗ Q` and M := V/T . For a
character χ : π1(X) → Z∗` , a field extension k ⊆ L and a morphism ξ : Spec(L) → X , let χξ (resp. ρξ) denote
the composition of χ (resp. ρ) with the morphism π1(L)→ π1(X). Consider the following π1(L)-sets

Mξ := {v ∈M | ρξ(σ)v ∈< v >}, T ξ := {v ∈ T | ρξ(σ)v ∈< v >},

and π1(L)-modules

Mξ(χ) := {v ∈M | ρξ(σ)v = χξ(σ)v}, Tξ(χ) := {v ∈ T | ρξ(σ)v = χξ(σ)v}.

Recall that χ is said to be non-sub-ρ if χx is not isomorphic to a sub representation of ρx for any x ∈ X(k). Finally
denote with T(0) the maximal isotrivial submodule of T , i.e. the maximal submodule of T on which π1(Xk) acts
via a finite quotient.

Corollary 3.2.1. Assume that k is finitely generated, X is a curve, ` 6= p and that ρ : π1(X)→ GL(T ) is GLP .
Then

(1) For every non-sub-ρ character χ : π1(X)→ Z∗` , there exists an integer N ≥ 1, depending only on ρ and
χ, such that, for any x ∈ X(k) the π1(x)-module Mx(χ) is contained in M [`N ].

(2) Assume furthermore that T(0) = 0. Then there exists an integer N ≥ 1, depending only on ρ, such that for
every x ∈ X(k)−Xex

ρ (k), the π1(k)-set Mx is contained in M [`N ].

Proof. This follows from Theorem 1.3.2 as in the proof of [CT12b, Corollary 4.3]. �

3.3. Further remarks. Let k be a finitely generated field of characteristic p ≥ 0, letX be a smooth geometrically
connected k-curve. Let ρ : π1(X) → GLr(Z`) be a continuous representation and retain the notation of Section
1.2.

3.3.1. Points of bounded degree. As already mentioned in Section 1.3, Theorem 1.3.2 is the natural extension to
positive characteristic of the main result of [CT12b]. In the subsequent paper [CT13], Cadoret-Tamagawa show
([CT13, Theorem 1.1]) that if p = 0 and ρ is GLP, then for every d ≥ 1, the set Xex

ρ (≤ d) is finite and there exists
an integer N(ρ, d) := N ≥ 1, depending only on ρ and d, such that [Π : Πx] ≤ N for all x ∈ Xgen

ρ (≤ d). To
prove this they study the gonality of the connected components of the abstract modular curves Xn.
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3.3.2. Gonality. For a smooth proper k-curve Y , the (geometric) gonality γY of Y is the minimum degree of
a non constant map Yk → P1

k
. While the genus gY controls the finiteness of k-rational points, the gonality, in

characteristic zero, controls the finiteness of points of bounded degree.

Fact 3.3.1 ([Fal91], [Fre94]). If k is a finitely generated field of characteristic zeros and d ≥ 1 is an integer, for
every smooth proper k-curve Y such that γY ≥ 2d+ 1, the set Y (≤ d) is finite.

In light of Fact 3.3.1 and of the strategy described in Section 1.4.1, to prove [CT13, Theorem 1.1] when p = 0,
Cadoret-Tamagawa show ([CT13, Theorem 3.3]) that, for every C ⊆ Π closed but not open subgroup, the gonality
γCΠk(n) of the smooth compactification of XCΠk(n) tends to infinity with n. While one can adapt ([Amb19])
the arguments of [CT13, Theorem 3.3] to prove that γCΠk(n) tends to infinity also when p > 0, the positive
characteristic variant6 of Fact 3.3.1 is not true, so that one cannot deduces directly from the growth of the gonality
the positive characteristic analogue of [CT13, Theorem 1.1].

3.3.3. Isogonality. However, in [CT15b, Appendix] Cadoret-Tamagawa have introduced a new invariant, the isog-
onality, that could be used to study points of bounded degree is positive characteristic.

Definition 3.3.2. Let k a field of characteristic p > 0 and Y a smooth proper geometrically connected k-curve.
The k-isogonality γisoY of Y is defined as d + 1, where d is the smallest integer which satisfies the following
condition:

• There is no diagram Yk ← Y ′ → B of non constant morphisms of smooth proper curves over k, with B
an isotrivial7 curve and deg(Y ′ → B) ≤ d.

Their result is the following:

Fact 3.3.3 ([CT15b, Corollary A.7]). If k is a finitely generated field of positive characteristic and d ≥ 1 is an
integer, and d ≥ 1 is an integer, then for every smooth proper k-curve Y such that γY ≥ 2d+ 1 and γisoY ≥ d+ 1,
the set Y (≤ d) is finite.

Since, by [Amb19], we know that γCΠk(n) tends to infinity, to extend Theorem 1.3.2 to points of bounded
degree it would be enough to show the following.

Conjecture 3.3.4. Assume that ρ is a GLP, p > 0 and ` 6= p. Then for every closed but not open subgroupC ⊆ Πk

one has
lim

n→+∞
γisoXCΠ

k
(n)

= +∞.
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[Sam66] P. Samuel, Compléments á un article de Hans Grauert sur la conjecture de Mordell. Inst. Hautes Etudes Sci. Publ. Math. 29, p. 55-62,
1966.

[Ser65] J.P. Serre Lie algebras and Lie groups, W.A. Benjamin, 1965.
[Ser79] J-P. Serre, Local fields, Springer, 1979.
[SB97] J-P. Serre, M. Brown, Lectures on the Mordell-Weil Theorem, Springer, Third edition, 1997.
[Tat65] J. Tate, Algebraic cohomology classes and poles of zeta functions, in Schilling, O. F. G., Arithmetical Algebraic Geometry, New York:

Harper and Row, p. 93-110, 1965.
[VAV16] A. Varilly-Alvarado and B. Viray, Abelian n-division fields of elliptic curves and Brauer groups of product of Kummer and abelian

surfaces, preprint arXiv:1606.09240v3

emilianomaria.ambrosi@gmail.com
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