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Introduction

"The old Marx said:

if you look at the individual capitalist,
you don’t understand capitalism.
Look at the whole phenomenon,

in a scientific way, and you’ll see it"
Fausto Bertinotti

How much information can we deduce from the cohomology?

Trying to answer to this question is one of the major input for the development of Arithmetic geometry
in the last sixty years. Regarding the abelian varieties Tate, in the article | |, proposed the following
conjecture:

Over a finitely generated field k, an abelian variety A is uniquely determined, up to isogeny, from the
I'y-representation H'(A,Q;). Moreover, the representation H'(A, Q) is semisimple.

The key point is to show that, using the isomorphism H*(A4,Q;)" — V;(A), the functor V; is fully faithful.
Really we will get something more precise: even the functor 7; is fully faithful.

Tate was able to prove the conjecture over finite fields but his major contribution was to relate the
conjecture to a finiteness statement. In particular, he showed that if infinitely many abelian varieties
with a polarization of a fixed degree inside a given isogeny class are isomorphic, and some other technical
conditions are satisfied, then the conjecture is true. Then he proved that these conditions were satisfied
by finite fields.

After a decade, Zarhin trying to prove the conjecture over finitely generated field of positive char-
acteristic, refined the method of Tate, understanding how just the finiteness conditions were enough.
Moreover, with his celebrated Zarhin trick, he reduced the problem to the case of principally polarized
abelian varieties. In [ | the conjecture over fields of finite characteristic of transcendence degree 1
was finally proved. The idea to prove the finiteness condition is reminiscent of the proof of Mordell-Weil
theorem. Indeed the key step is to use the Northcott’s property of the height, not applied to the points of
the abelian variety, but directly to the points of the moduli space of abelian varieties. With these ideas in
mind, he proved that all the abelian varieties that are involved in the finiteness condition share the same
height; a descent argument concludes the proof. One of the key point of Zarhin’s proof is to combine
some formulas proved by Mumford, in [ | , and the non archimedean inequality (all the valuations
in positive characteristic are non archimedean!). The proof over fields with higher transcendence degree
can be done in two ways. The first, due to Zarhin, is to replace the role of the height with a sufficient
weaker notion. The second, done by Mori in | ], is to do an induction on the transcendence degree
and perform a specialization argument.

The most interesting situation of number fields was still unsolved. The interest of the conjecture over
number fields was also motived by its link with Shafarevich’s conjecture and hence with the Mordell’s
conjecture. In particular, in | |, Faltings proved the Tate and deduced the other two conjectures
from this. The main ingredients of the proof are the same of the proof of Zarhin, in the sense that the
idea is again to prove that the height of the points on the moduli space associated to a family of abelian
variety is bounded. But, over the number fields, there are some additional complications due to the
presence of archimedean valuations. The way to deal with this problem is to introduce the notion of
hermitian line bundle and use it to define a new height on an abelian variety. Using a lot of arithmetics,
as Neron models, p-divisible groups and the theory of Hodge Tate representations, Faltings was able to
bound this height inside a family and then, using some moduli theoretic techniques, to compare it with
the modular height in a way that allowed him to bound the last one. For the comparison we will sketch
a different pattern, following | I



It is worth mentioning that this conjecture is a particular case of a more general one. Indeed, the
general Tate conjecture predicts that, if X is a good variety over a finitely generated field &, the cycle
map Ch*(X)®Q; — H?(X,Q;)(r)"* is surjective and that the cohomology groups are semisimple. The
relation between the Tate conjecture how stated before and this version, for the H! of an abelian variety,
depends on the commutativity of the following diagram and some diagram chasing;:

Hom(A, B) Pic°(A, B)

|

H?(A x B",Q;)(1)

|

H'Y(A, Q) @ H'(B',Q)(1)

|

Hom(Vi(A), Vi(B)) +———— Vi(4)' @ Vi(B)

The general Tate conjecture is still widely open. There are just few other cases known, in particular
in the last years the conjecture was proved for the K3 surfaces over any finitely generated field of
characteristic different from 2. The proofs for the K3 are inspired by the Deligne’s proof of the purity on
K3 surfaces, using the Kuga—Satake construction that associate to every K3 an abelian variety. Using
this construction is possible to reduce the conjecture for K3 to abelian variety.

The mémoire is organized as follows.
In the first chapter, following a combinations of the work of Zarhin and Tate, we will show how the
conjecture is related to some finiteness conditions and we will perform some preliminary reductions.
In the second chapter, we will recall the proof of some general theorems that imply the finiteness condition
over finite fields.
In the third chapter, we will prove the so called Zarhin trick and some useful tools about polarizations.
In the fourth chapter, we will prove the conjecture over finitely generated fields of positive characteristic
different from 2, following Zarhin and Mori.
In the last chapter, we will prove the conjecture over number fields.
In the appendix, for the convenience of the reader, we recall some general algebraic geometry theorems
and some facts about abelian varieties and p-divisible groups.



Chapter 1

Tate conjecture and finiteness
conditions

In this section k is any field of characteristic p > 0, [ is a prime different from p and A, B are abelian
varieties over k. Define VarAby, as the category of abelian varieties with Hom(A, B) = Hom(A, B)®Z,
and VarAby, in the same way. We have two functor T} : VarAbr, — Rep(T';) that associate to every
abelian variety its Tate module T;(A) and in the same way we have the functor V.

Conjecture 1.0.1 (Tate conjecture).

If k is finitely generated over its prime field, then:
1)T; is fully faithful

2)V;(A) is a semisimple representation.

The aim of this thesis is to prove the following:

Theorem 1.0.2. The Tate conjecture is true.

1)For finite fields (Tate, [ ).

2)For function fields of positive characteristic different from 2 (Zarhin, [ | and Mori, [ ]).
3)For number fields (Faltings, [ /).

Ezample. Observe that the conjecture is false when k = k, with, say, char(k) = 0. In fact V;(A) ~ Q?g,
as representation, for every abelian variety of dimension g. It is not hard to show that the Tate conjecture
implies that two abelian varieties A, B are isogenous if and only if V;(A) and V;(B) are isomorphic as
representation. In particular, if the Tate conjecture would be true over k then all the abelian varieties
of the same dimension would be isomorphic. And this is clearly not true.

In the next section we will do some reductions that are common to all the proofs.

1.1 Preliminary reductions

The aim of this section is to study the functor 7} : VarAbr, (k) — Rep(T'y). In particular we will show
that it is faithful and how the semisimplicity and the fullness are related to some finiteness conditions.
We start with a remark that it will be used several times in the sequel.

Remark. It follows from the existence of quotient for subgroups of A that if f : A — B kills the n torsion,
then it is divisible by n in Hom(A, B).
Lemma 1.1.1. Hom(A, B) is torsion free.

Proof. To prove that Hom(A, B) is torsion free It is enough to show that the map Hom(A,B) —
Hom(T;(A),Ti(B)) is injective. But if T;(f) = 0 then f is zero on the " torsion for every n. Then
for every simple abelian sub variety of A, f is zero on a non finite subgroup and hence it is zero. Now

theorem A.1.2 implies that f is zero.
O

Proposition 1.1.2. The functor T; is faithful. In particular Hom(A, B) is free and finitely generated.



Proof. e Step 1. For every finitely generated subgroup M of Hom(A, B), M ® QN Hom(A, B) is
finitely generated
Using A.1.2, we can assume A simple and A = B. Then, by A.1.3, there exists a polynomial
function « : End(A) ® Q — Q such that a(f) = deg(f). Since A is simple deg(f) > 0 and it is an
integer for every f € End(A). Since Q ® M is finite dimensional and |a| < 1 in a neighborhood U
of 0 in this space, we get that U N End(X) = 0. So End(X)NQ ® M is discrete in Q ® M and
hence finitely generated.

e The map is injective.

It is enough to show that it is injective on every finitely generated submodule such that M =
M ® QN M. Suppose that f1,...,f, is a basis of M and that > a;f; is sent to zero. Choose
sequences n;(r) that converge to a;. For r >> 0 the power of [ dividing n;(r) becomes constant
and we denote m the maximum of this powers. But since T;(f) = 0, the power of | dividing
S ni(r)Ty(f) is divisible for arbitrary large power of I. In particular > n;(r)f; kills the (™*!
torsion and hence Y n;(r)f; = ["*1g for some g in Q@ M N Hom(A, B) = M and this contradicts
the previous observation, since the f; are a basis of M.

O

Now we reduce the study of the fullness to a study of a QQ; vector space.

Lemma 1.1.3. The coker of the map Hom(A, B) @ Z; — Hom(T;(A),T;(B)) is torsion free. In partic-
ular, the fullness of the functor T} is equivalent to the fullness of the functor V;, thanks to the flatness of
Qq over Z;.

Proof. Suppose that v € Hom(T;(A),T;(B)) is such that ("¢ = T;(f). Then f kills the I" torsion so
that ¢ = "¢ for some g and hence ¥ = T;(g)- O

Lemma 1.1.4. If the Tate conjecture is true over a finite Galois extension K of k, it is true over k.

Proof. Suppose that the Tate conjecture is true for every A over K. Then if A is an abelian variety over
k we have that V;(A)r, is semisimple by assumption, so that, since I'k is of finite index in Ty, V;(A) is
semisimple as 'y, module. For the surjectivity observe that by assumption and Galois descent we have
Hom(A,B) ® Q = Hom(Ak, Bi)'™ @ Q = (Hom(Ag, Bx) ® Q)'* = (Hom(T;(A), Ty(B))'x )= =
Hom(T\(A), T,(B))* O

Lemma 1.1.5. It is enough to prove the conjecture for A = B.

Proof. Indeed to prove it for A # B it is enough to applied it for A x B, use the decomposition End(A x
B) = End(A) x End(B) x Hom(A, B) x Hom(B, A) and the similar decomposition for End(V;(A x
B)). O

Lemma 1.1.6. End(A) ® Q; is a semisimple algebra

Proof. Thanks to A.2.3 it enough to prove that End(A) ® Q is semisimple. By theorem A.1.2 A is
isogenous to A7* x...x A" with the A; simple and pairwise not isogenous. Observe that Hom (A", A;.”) =
0 if ¢ # j and that Hom(A]", A}") = M,,(End(A;)) so that End(A) ® Q ~ [[ M,,(End(4;)) ® Q =
[1 M., (End(A;) ® Q). To conclude it enough to observe that End(A;) ® Q is a division algebra, since
A; is simple. O

Proposition 1.1.7. To prove the Tate conjecture it is enough to prove the following assertion:
For every abelian variety B, for every Galois stable submodule W of Vi(B), there exists an u € End(B)®
Q; such that uV,(B) =W.

Proof. e V(A) is semisimple. Take a T'y invariant submodule W and consider the right ideal I C
End(A) ® Q; made by those element u such that u(V;(A)) C W. By 1.1.6 and A.2.2 we get that
I = eEnd(A) ® Q; where e is an idempotent. By hypothesis eV;(A) = W and hence V;(4) =
eW @ (1 —e)W. To conclude we just observe that this decomposition is T'y, invariant since e comes
from End(A) ® Q.



e Clearly End(A)®Q; C End(Vi(A))'* so we have only to show the other inclusion. Using 1.1.6 and
A.2.1 it is enough to show that End(V;(A))'* C Centrgpacv,ay) (Centrppav, ay) (End(A) @ Q;))
and so we take an element 3 in the first and a « in Centrgpqev,(a))(End(A) ® Q;) and we want to
show that 8y = ~(. The trick is to consider the following space

W= {(z,62) | x € Ti(4)}

By the assumption applied to A x A, there exists an u € End(Ax A)®Q; such that uV;(Ax A) = W.

Observe that [g 2] commutes with u. Then we have:

(apa) [ e T =3 2w = | O] witax )=

:u[g 3}W(A><A)CuVl(A><A):W

so that (yz,vBz) € W for every x and hence vz = Syz.

We have a polarization A : A — A’ of some degree d.

Proposition 1.1.8 (Zarhin, | ). To prove the Tate conjecture, we can assume in proposition 1.1.7
that W is mazximal isotropic with respect of the Weil pairing induced by some polarization.

Proof. Suppose that we know that for every abelian varieties B and every maximal isotropic Galois
invariant subspace M of Vi(B) there exists a u € End(B) ® Q; such that «V;(B) = M.

e if 4 € Q; where i is such that i2 = —1.
Consider in Vj(A x A) the subspaces Wi = {(x,iz)lx € W}, Wy = {(x, —iz)lx € W'} and
W3 = Wi + Whs.
Claim: Wj3 is maximal isotropic with respect the pairing induced by A x A
Proof. 1. W; and W5 are totally isotropic. For example for W; we have eilxx’}‘((m, i), (y,iy)) =
eX(x,y) + el (iz, iy) = e (v, y) + i (z,y) = 0 and the same for Wo.
2. Wiy and Wj are clearly orthogonal to each other and W7y N Wy =0
3. So Dim(W3) = Dim(W1) + Dim(Ws) = 1 Dim(Vi(A x A)) (since W+ has dimension
Dim(Vi(A) — Dim(W)), since the pairing is non degenerate) and so W3 is totally isotropic of
the maximal dimension and hence maximal isotropic.
O

So we have that there exists a u = [51,1 21’2} € My(End(A)) = End(A x A) such that uV;(A4 x
2,1 U2,2

A) = W3. Now we consider the map v = (71 —im2) ou, where 7; are the canonical projections. The
image of this map is W, so that we get two elements f = w3 2 —iug 1,9 = u1 2 —iuz 2 € End(A)®@Q,
such that fV;(A) + gVi(A) = W. To conclude we observe that the right ideal of elements v such
that vV;(A) C W is generated by an idempotent element e, thanks to A.2.2, and that eV;(A) = W

e The proof without the assumption ¢ € Q; is similar, but requires the so called Zarhin Trick. Recall
that every positive integer can be written as a sum of four squares thanks to Lagrange’s four
squares theorem. This implies that in Q; we can always write —1 as sum of four squares, say
a? + b2 + ¢ 4+ d?> = —1, since a polynomial as a solution in Z; in and only if it a solution modulo
[™ for every n. Now consider the matrix

a —-b —c —d
b a d -—c
M= ¢c —d a b
d ¢ —=b a

and observe that MM = —Id, so that this matrix will take care of the absence of i € Q.
As before define Wy = {(x, Mx) x € W4}, Wy = {(z, —Mz) x € (W*)1} and W3 = Wy + Wa.



Claim: W3 is maximal isotropic for the pairing induced by A8

Proof. 1. W, and W, are totally isotropic. For W, we have ey ((z, M), (y, My)) = eXa(x,y) +
ej);(M:r, My) = eﬁt (z,y) + eﬁ (M'Mz,y) = 0 and the same for W5.
2. Wy and Wj are clearly orthogonal to each other and W1y N Wy =0
3. So Dim(Ws3) = Dim(W1) + Dim(Ws) = 1 Dim(Vi(A®)) (since W has dimension Dim(V;(A)
— Dim(W)) and so W3 is totally isotropic of the maximal dimension and hence maximal
isotropic.
O

As before we get uq,...,us € End(A) ® Q; such that u1V;(A) + .... + ugV;(A) = W and hence an
element such that eV;(A) =W

O

1.2 Finiteness conditions

So we have to study maximal isotropic Galois invariant subspaces W of V;(A4). Intersecting one on

this W with T;(A) we get an [-divisible subgroup G = {G,, := %&’;TMM} of A[l*°]. We now define

B, = A . The multiplication by I™ in A factors trough B,, so that we have isogenies ¢, : B, — A and

commutatlve diagrams:
T,(B Ty (¢n 2

Observe that Im(T;(vy)) = W NT(A) + 1"T;(A) := X,. It is clear that I"T;(A) C Im(T;(v,)) and
hence it is enough to prove that I”;E;‘g%)) WOT‘l&’,L‘T)lJ(FA)TZ(A) and this is the definition of G,,.

The key observation of Tate is the following.

Proposition 1.2.1 (Tate, | ). If these B,, fall into finitely many isomorphism classes, the hypoth-
esis of 1.1.7 are satisfied.

Proof There exists a By, such that we have infinitely many isomorphisms «,, : B,, — B,. Consider
=1y 0y 0 ¢n0 , it is an element of Fnd(A) ® Q; such that Vj(u,) send in a surjective way (since a,
is an iso0) X, to X,.

B, —* B, Ty(Bn,) 2 1y(B,)
lwno lwn lﬂ(wno) ln(m)
A A Xno Vi(un) Xno
Vi(un \[ /
w< ) ), i)

Observe that this is a subset of X,,, and hence V;(u,) € End(X,,) C End(Vi(A)). This is compact ,
so that there exists a subsequence indexed by some I that is converging to some v. Since the image of
End(A) ® Q; is complete, v = Vi(u) for some u € End(A) ® Q;. This v will do the work, i.e we will
prove that V;(u)(V;(4)) = W.

° W(U)(Xno) = NperXn
In fact if z € X,,, Vi(u)(z) = Im Vi(u,)(x) € NperXn. If y € Nper X, then for every i € I we can
find z, such that Vj(u,)(z,) = y. From z,, we can extract a subsequence that converge to some
x, since X,,, is compact. Then y = lim,V,(u,)(z,) = Vi(u)(z) € u(X,,).

e u(Vi(A) =W
Now observe that N,e; X,, = Vi(A) N W so that we get

Vi(u)(Vi(A)) = UnezVi(u) (1" Xn, ) = Unezl™(Ti(A) N W) = W



O

Before state the main theorem, we make a last important remark. Recall that we have a polarization
A: A — A of some degree d.

Lemma 1.2.2 (Tate, . For every n, B, has a polarization of degree d.
Y g
Proof. e 1, has degree ("9
It is enough to prove that ln%ﬁ has order {™9. For this recall that W, since it is maximal isotropic,
it has dimension g and hence FFtgy = WAnA+ITi(A) . _WOTi(A) WAaT(A)
T

(A) — ", (A) = Wolnn(A) . (WA (A) To conclude
observe that W NT;(A) is a free module of rank g.

e The image of the pairing e%ﬁl lies in 1"7Z;(1)
In fact we have e)];{; (z,y) = en, (2, Vo Mn(y)) = e} (¥n (), 0 (y)) and so, since the image of v, is

Xn, e%’; (Ty(By), Ti(By)) C e\(Xn, X,) C 1"Z;(1), where the last equality use the fact that W is
totally isotropic.

e Conclusion of the proof.
We start observing that \,, := v/, A\, is a polarization of B,, of degree [*"9d, so we have to produce
a polarization w,, : B, — (By)’ such that \,, = w, o™ and this happen if and only A, kills the I"
torsion. But the previous point tell us that the pairing is zero on the [™ torsion, since the image of
the pairing restricted to it lives in an, 23) By the non degeneracy of the pairing, this means that

An(2) is equal to zero for every x € B, [I"].

O

In conclusion, we can summarize the results of this section in the following theorem:

Theorem 1.2.3. The Tate conjecture forl is true if one of the following is true for every abelian varieties
A with a polarization A\ of degree d over k:

1)There exist finitely many B, up to isomorphism, of the same dimension of A with a polarization of
degree d.

2)There exist finitely many B, up to isomorphism, in a given isogeny class that possess a polarization of
degree d.

3)For every sub l-divisible group G = {G,} of A[l*°] such that every B, = c% has a polarization of
degree d, the B, fall into finitely many isomorphism classes.



Chapter 2

Proof over finite fields

In this chapter we prove the Tate conjecture over finite fields. The proof has just a little to do with
finite fields, since it is a easy consequence of the following three general theorems and theorem 1.2.3.

Theorem 2.0.1. Let A be an abelian variety over a field k, L a line bundle with associated morphism
A and dim’sgrgD. Then we have:

x(L) =2

2)Deg(\) = x(L)*

3)If L is ample H*(A,L) =0 fori >0

Theorem 2.0.2. Let S be a noetherian scheme, W and V two vector bundles of S, m the projection
P(V) — S and f € Q[z]. Then the functor

QUOtTr*(W),V,f,S(T — S) = {

surjections wRW — Q with @ locally free and flat over Og
and Hilbert polynomial f on each fiber, up to isomorphism

is a sub functor of Grass(M) for some vector bundle M over S

Theorem 2.0.3. Let A be an abelian variety over a field k, L an ample line bundle on A. Then L? is
very ample.

Proof. See | | Chapter 17. O

Now we show how this theorems give a proof of the Tate conjecture when k is a finite field using
the first point of 1.2.3. We have to show that there exists finitely many isomorphism classes of abelian
variety of dimension g with a polarization A of degree d given by an ample line bundle L. Now for
any such abelian variety, thanks to theorem 2.0.3, we have that L3 is very ample and, thanks to 2.0.1,
HO(L3) = x(L3)? = 01(53)9 = 39C1(gL!)g = 39\/Deg()\) = 39Vd, so that it embeds the variety in

P3'Vd_ Moreover the Hilbert polynomial of A inside this P" is f(n) = y(L3") = (cl(Lgﬂ = (3n)9Vd
and so depends only on g and d. This shows that each isomorphism class is a distinct element in
Quoty, 4 \/37(37L)g\/37k(]€) so it is a distinct k-point a fixed grassmanian. But this is a scheme of finite type
over k and so, since k is finite, it has finitely many points.

2.1 Riemann Roch theorem

The key input for the proof of Riemann Roch theorem is the computation of the cohomology of the
Poincaré Bundle P of A. In fact we have the following:

Proposition 2.1.1. Denote with py the projection A x A’ — A’. We have

0 ifn#g

R"py P = . : .
P2, {m<k) ifn=g

H"(Ax A',P) = { A

Assuming this proposition we can start with the



Proof. of thm 2.0.1

1)This follows in a trivial way from A.3.5 and the fact that T'd(A) = 0, since the tangent space is free
thanks to A.1.15.

2)Assume first that L is non degenerate, i.e K (L) is finite. The trick is to compute x(A(L)) in two
different way, where A(L) = m*L ® p*L™' ® ¢* L~ = (Id x 11)*P thanks to A.1.7. First observe that
we have the following Cartesian diagram:

Ax AT A son

lq lpz
A—r
Thanks to flat base change and the previous proposition we have that

0 ifn#g

Ra ML) = B, lid x o)'P = i (B'p2,.P) = { i(Ogw)) ifn=g

where i : K(L) — A is the inclusion. Since K(L) is finite (and so of zero cohomological dimension) we
have that H'(A, R"q.A(L)) = 0 for every i > 0 and every n. Now consider the Leray spectral sequence
associated to ¢, i.e Ey"" = H"(A, R’q.A(L)) = H"""(A x A, A(L)) and observe that, by what we have
said so far, in the second page of the spectral sequence all the term with u # 0 are zero, so that we have
an isomorphism H"(A x A,A(L)) ~ H°(A, Ry A(L)) for all u, and hence

X(A(L)) = (=1)?Deg(¢r)

Now we use the second description of A(L). Observe that Riq,A(L) has support in K (L) and that L is
trivial over K(L) (since K (L) is finite over k). Using this remark and the projection formula we get

R"¢,A(L) = R"q,(m*'L®p'L ' @¢*L™') = R"q,(m*"Lop"L Y )® L' = R"q,(m*L @ p* L")

. Observe that the isomorphism of A x A, m x p send m*L®p*L~! to ¢* L ® p*L~! so that, using again
the degeneracy of the Leray spectral sequence and the Kunneth formula we get

HY(Ax ANL)) = H(AXx A p'L®¢'L) = ©ypoi H*(L) @ H' (A, L)
so that, using Poincaré duality and the fact that the tangent bundle is free, we get

X(AL) = x(L)x(L™1) = (-1)x(L)?

and hence we are done.

If L is degenerate the argument is similar see | | page 133

3)In the previous point we have shown that H*(A x A, A(L)) = ®yso=iH*(A, L)@ H’(A, L) and that
HY (A x A, A(L)) ~ H°(A, REA(L)). Since just when i = g, h'(A x A, A(L)) is different from zero and
H°(X, L) is different from zero, we are done. O

Before proving the proposition we need a lemma:

Lemma 2.1.2. If L is a non trivial line bundle then in Pic’(A) then H (A, L) = 0 for every i.

Proof. Since L € Pic®(A), L=' ~ (—=1)*L thanks to A.1.8. So if L has a non zero global section
s : 04 — L then L™! has a non zero global section f : @4 — L~! and this is not possible since
s® L~ o f would be an automorphism of Q4 so that s would be surjective and hence an isomorphism.
So HY(A, L) = 0 and let i the smallest index such that H*(A, L) # 0. Then, since L € Pic°(A), the choice
of i and the Kunneth formula, H*(A,m*L) = H'(A,p*L®q*L) = $p1q—i H? (A, L)@ H1(A, L) = 0. But
we have that the identity map of A factor trough the multiplication map, so that the identity map of
Hi(A, L) factor trough H* (A x A,m*L) = 0. O

Proof. of prop. 2.1.1

e Step 1. proof for n # g
Thanks to the previous lemma and the fact that P4, is non trivial and in Pic®(X) for every
p € A" —{(0)}, thanks to A.1.8, we have that H"(A,, Pp) = 0 so that, by A.3.4, (R"p2,«P)p, =0
for every 0 # p € A’. We get that R"p, ,’P is supported at the identity (that has cohomological
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dimension 0) and hence H'(A’, R"ps .P) = 0 for every i > 0. Using again the Leray spectral
sequence H*(A’, R¥ps . P) = H*T(A x A',P), we found that H°(A’, R¥ps . P) = H*(A x A',P)
for every w > 0. Since ps is of relative dimension g, Rips ,P = 0 = H*(A x A',P) for ¢ > g.
Since P~! = (—1,1)P, thanks to A.1.8, we get that, using Poincaré duality and the fact that
the relative cotangent bundle is free, for every u < g H*(A x A',P) = H?9"“(A x A", P~1) =
H297%(A x A',P) =0 and so we are done.

e Step 2. Homo, ,,(P,p5G) = Homo ,,(RIp2..P, Q)
Theorem A.3.3 give us, for every coherent sheaf G on A’ an isomorphism

Hompaxan(Plgl,p3Glg]) = Hompay(Rp2,«Plgl, G)

Now the left hand side is nothing else that Homo, ,,(P,p3G) while the right hand side is
Homo, (R9ps P, G) since, by what we have proved before, R9p, . has at most one term different
from zero in degree g.

e Step 3. Conclusion of the proof.
Recall that R9ps P has support in 0 € A’. Now, thanks to theorem A.3.4 and the first point, we
have that R9p, P @ k(0) =~ H7(A x {0}, Paxo) =~ HI(A,04) = k so that (RIp,.)q ~ Ca©

for some ideal a C m, the maximal ideal of (Oa/)(). We have to show that a = m. If we denote

A(I) = A x % for every ideal I C m, we get the following commutative diagram, thanks to

the point 2 and the usual adjunctions, in which all the horizontal arrows are isomorphisms:

O O
Hom aa)(Pla(a), Oac)) — Homaxa(P,0xq)) = HOWA/(%7 %)

| | !

HomA(m)(P‘A(m)yoA(m)) - HomAXA/('P,OA(m)) - HomA/(%,%) - % =k

—

—al

The commutativity implies that the first vertical map is surjective, so that we can lift the isomor-
phism P|ag(m) = Og(m) t0 @ map Pja) =~ O Via Nakayama, this map is surjective and hence
an isomorphism. But this means, thanks to the universality of P, that we have a map A(a) — A(m)
lying over the natural inclusion and hence m C a. O

2.2 Quot functor

This section is devoted to the proof of theorem 2.0.2. We want to underline that it is possible to
prove a more general theorem, that states the representability of the Quot functor by a locally closed
subscheme of a grassmanian. We don’t need this, since we are only interested in the finiteness statement.
The proof of the representability is based on our construction of an injection of the Quot functor in some
grassmanian, but then it requires some more work, since it is necessary to show that this injection is
representable. So, for our purpose, it is enough to do "half" of the proof of the representability. For the
complete proof we refer the interested reader to | ]

We will need a form of a uniform vanishing to make, in an uniform way and using theorem A.3.4, our
flat sheaves locally free.

Proposition 2.2.1. Fiz a rational polynomial with integer values f(t) and two natural number p,n.
There ezists a positive integer m = m(f,n,p) with the following property:

For every field k, for every coherent sheaf F of P* which is a sub sheaf of Oh, with Hilbert polynomial
f, F(r) is generated by global section and H*(F(r)) =0 for i > 0 and every r > m.

The proof is quite technical so we postpone it. Let us show how this implies our theorem.
Proof. of thm 2.0.2

e Step 1. Use of uniform vanishing.
Fix a § scheme T, a coherent quotient 77 W — F, where F is a coherent sheaf in 7. flat over
Og and with Hilbert polynomial f. Denote the kernel of the map G. On each fiber s — S we
have an exact sequence 0 — Gy — O, — Fy — 0 where n = rank(V) and p = rank(W).
The last two terms have a fixed Hilbert polynomial. Thanks to the previous proposition there
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exists an r, depending only of W,V and f, such that H*(Ts, Gs(r)) = H(Ts, (m5W)s(r)) = 0 and
G(r)s, (m5W(R))s are generated by global section. Thanks to the exact sequence the same is true
for Fy(r).

e Step 2. Construction of the map.

Observe that, thanks to A.3.4 and H'(Ts,Gs(r)) = 0, Rim7..G(r) = 0 for i > 0 so that we have a
surjection mp .piW — mp . F. Moreover, since H' (T, (m5W)s(r)) = H (Ts, F(r)) = 0 and again
theorem A.3.4, mp 7. W and 7 F are locally free. Observe that Rank(mr . F)(r) = f(r), since
all the higher cohomology of the fibers are zero. Now 7p . 7hW(r) = W @, Sym”(V), so that
T W (r) = mp F(r) € Grass(W Qog Sym”(V), f(r))(T). So, since everything depends only
on V,W, f we get a map Quot — Grass(W ®o, Sym”(V), f(r)), that send, for every S scheme T,
a surjection 77 W — F in mp W (r) — mp . F(r).

e Step 3. The map is injective.
We have to show that if we know mp 75 W (r) — mp . F(r), and hence mr .G(r) as kernel of the
map, we can reconstruct 7;W — F. For this observe that we have the following commutative
diagram with exact rows and surjective vertical maps (since 7. W and G(r) are generated by global
sections thanks to A.3.4 and so the counits are surjective):

mmrG(r) —— W (r) —— mhmr o F(r) —— 0

| | |

G(r) — mxW(r) F(r) 0

So we get that (7. W (r) — F(r)) = Cocker(G(r) — n3W (r)) = Cocker(njnr G(r) — mhW(r))
and hence we can recover mnW(r) — F(r), since this map is the cokernel of the push via 7
of mp,.G(r) = mp W (r)) composed with the counit. So we can recover n;.W — mp . F just
twisting.

Now we have to prove the uniform vanishing. The idea is to construct a well behaved notion that will
allow us to do induction. We fix a field k£ and we start with a definition.

Definition 2.2.2. A coherent sheaf F on P" is called m-regular, m € N if for every r > m we have
HY{(F(r—1i))=0.

Remark. If F is m-regular and H is an hyperplane in P™ that does not contain anyone of the (finite)
associated points of F we have that F|y is again m-regular over P"~1, since we have an exact sequence
0— F(r—1) = F(r) = Fjg — 0 (locally the multiplication by z,, is injective, where H : x,, = 0.)

This is exactly the kind of sheaves that we are looking for thanks to the following lemma.

Lemma 2.2.3. If F is m-regular, then:
1)H (P", F(r)) =0 for everyr > m —i and i > 1
2)F(r) is generated by global section for every r > m

Proof. Thanks to flat base change we can assume that k is a infinite field. Then we can choose an
hyperplane that does not contain any of the associated point of F, so that we have an exact sequence
0— F(r—1)— F(r) = Fjg — 0.

1)We do induction on n and » = m — 4. For n = 0 it’s obvious for every r. For r = m — 4 it is just the
definition of m-regularity. Now we just use the exact sequence above, noting that H(P", F(r — 1)) = 0
by the inductive hypothesis on r and H*(H, F|y) = 0 thanks to the inductive hypothesis on n.

2)Since for 7 big enough H*(P", F(r)) is generated by global section, it is enough to prove that the map
HO(P", Opn (1)) @ HY(P™, F(r)) — HO(P™, F(r + 1)) is surjective and use induction on r.

Again we do induction on n, since for n = 0 is clear. We have the following commutative diagram with
exact rows (thanks to the first point and the fact that H°(P", Op« (1)) — H°(H, O ) is always surjective)

HO(P™, Opn (1)) @ HO(P™, F(r)) - H°(H,Op) ®H0(H,ﬂH(r)) -+ 0

R |

HO(P", F(r)) —— H(P", F(r+1)) ——2—— H(H,Flg(r+1))
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By induction the right vertical map is surjective, so we get that g is surjective and so HO(P", F(r+1)) =
Ker(g) + Im(h) = Im(f) + Im(h). But the Im(f) C I'm(h) and we are done. O

So now we can find the uniform vanishing using the following proposition.

Proof. of prop. 2.2.1 Thanks to the previous lemma it is enough to show that F is m regular for some
m that depends only on p,n, f. We do induction on n since n = 0 is clear for every polynomial f. Again
we can assume that k is a infinite field. Then we can choose an hyperplane that does not contain any of
the associated point of F and of O]L’z , 80 that we have exact sequences 0 — F'(r —1) — F(r) = Fjg — 0
and 0 — Fjz — OF. Observe that thanks to the first exact sequence, the Hilbert polynomial of Fjx
depends only on the Hilbert polynomial of F so that, by induction and using the second exact sequence,
Fu is mo regular for some mg that depends only on p,n, f. Now if r > mg and 7 > 1 we have an exact

sequences

0— HO(P",F(r — 1)) » H*(P", F(r)) — H°(H, Fy iz (r)) = H'(P", F(r — 1)) = H"(P", F(r)) = 0

0 — HY(P", F(r —1)) = H'(P", F(r)) = 0

For r big enough and i > 1 H(P", F(r)) = 0 and so, thanks to the second exact sequence, get that
H(P", F(r)) = 0 for every r > mg and i > 1.

So we have just to take care of i = 1. We have to show that H'(P", F(r)) vanishes for all r > m for
some m that depends only on n,p, f. This follows from the following two claim.

e h1(P", F(r)) is strictly decreasing as function on r > mg until it becomes zero.
The first exact sequence implies that h!'(P", F(r)) is decreasing and that
hY(P™, F(r)) = h*(P", F(r—1)) if and only if the map H°(P™, F(r)) — H°(H, F|g(r)) is surjective.
Now look at the diagram of the proof of the previous lemma. The reasoning done there implies
that if HO(P™, F(r)) — H°(H, F|g(r)) is surjective then it is surjective for every r’ > r and hence
the map H'(P", F(r')) — H'(P", F(r')) is an isomorphism for ' > r. But for 7/ big enough
HY(P", F(r")) = 0 and hence h'(P", F(r)) =0

e (P, F(mo)) is bounded by a constant that depends only on n, p, f.
Observe that h!'(P".F(mg)) = h°(P", F(mg)) — x(F(m,)) since the higher cohomology group are
zero. So we get hl(P".F(mg)) = h®(P", F(mg)) — f(mo). Now we use the hypothesis that F C OF,
to get an inclusion F(mg) C Of, (mg) and hence that

", Fmo) < phE", O ) =p(" ™)

(homogeneous polynomial of degree mg in n + 1 variables). So we have that

n -+ mg

BB F(m)) Sp( ) ~ f(mo)

n

and we conclude noticing that all this term depends only on f,p,n.
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Chapter 3

Interlude: polarizations and theta
groups.

In the future we will have to deal with two problems. The first is in the proof of the Tate conjecture
over function field, where we will need some condition to avoid the non separable polarizations. In fact,
the theory of moduli spaces for abelian variety with a polarization of fixed degree works well when the
characteristic of the field does not divide the degree of the polarization. But it could be that every
polarization on an abelian variety is divisible by the characteristic of the field, so we will need some trick
to change our abelian variety.

Ezample.

In characteristic zero we will need to do some explicit computation on the moduli space and these
computation can be done well over the moduli space of principally polarized abelian variety. So we will
need to change our abelian variety with a principal polarized one.

3.1 Lifting of Polarizations

The key will be a very explicit description of the pairing induced by an isogeny. We will need the
notion of a sheaf with an action of a group, for the definition and the main theorem of descent see
[ |, page 98, chapter 7.
Suppose that f : A — B is an isogeny between abelian varieties. Then we have that B ~ ﬁb’)’
so that f* induces a bijection between line bundles on B and line bundles on A with an action of
ker(f). Suppose that L € Pic(B) is such that f*L ~ O4. Then L can be seen as an action of ker(f)
on the trivial line bundle on A. With a functorial point of view, we take a scheme T over k. Then
we have that a line bundle over By which becomes trivial when pulled back on A x T' is a morphism
ker(F)(T) — Aut(A} ) = 0% = O;.

So we summarize this discussion in the following:

Lemma 3.1.1. Ker(f)(T) = Hom(Ker(f)(T),0%) ={ L € Pic(Br) such that f*L ~ Oy4, }

Remark. One should check that the morphism does not depend on the choice of the isomorphism. See
[ | Proposition 7.4.

Observe now what is Ker(f’). For every scheme T over k, Ker(f')(T) is a subset of B'(T) =
%. An element L in B/(T) is in ker(f’)(T) if and only if it is equivalent to one such that f*L
is equivalent to O 4., by the very definition of f’. But every such L is uniquely represented by a line
bundle such that f*L = Oa,. Indeed, if L € ker(f’)(T) then f*L ~ 75M for some M and hence
L'=L® W}M_l does the job. Conversely, if L1 = Ly ® n;M and f*L; = f*Ly then Ly = Ly since
mpM = Oa,. So we have found:

Lemma 3.1.2. Ker(f')(T)={ L € Pic(Yr) such that f*L ~ Ox }
In particular Ker(f') = Ker(f)'.

So we have made very explicit our perfect pairing Ker(f) x Ker(f') = G,,. How does it works con
T point? Well, we take a couple (z,y). y is a line bundle such that f*L = O4,. and hence it is an action
of Ker(f)(T) over the trivial line bundle and so it a morphism ¢, : Ker(f)(T) — G,,(T). Then the
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pairing send (z,y) to ¥, (z) = ef(z,y). Geometrically the action of z send (a,b,c) € A x T x Al to

(a+z,b,4y(z)c).
We are now ready to find some criterion to lift polarization. Consider the following diagram:

AXA/WAXB'MBXB/
2a X

We have the Poincaré bundles P4 and Pp and we have that, by definition of f/, (f x Id)*Pp ~ (Id x
f')*Pa4 := L in a canonical way. Then, since A x A’ = {M»I:I)éifrl(f’)’ L has an action of {0} x Ker(f’).
We have Ljaxger(ry = (Id % f')*((Pa)ax{o}) = Oaxker(f) in a natural way, see A.1.7. So the action of
q € Ker(f') restricted to A x Ker(f’) is the trivial one, i.e on T point it send (z,y, 2) to (z,y + q, 2)-
On the other hand, we have also an action of {0} x Ker(f) on L. And when we restrict this action
on A x Ker(f') we get, applying what said before with T' = ker(f’), that ¢ € Ker(f) send (z,v, 2)
to (z + ¢,y,ef(x,y)a). In particular we get that the action of z € Ker(f) and y € Ker(f') commute
in A x Ker(f’), and hence everywhere since the action can differ just for a constant, if and only if
ef (z,y) =1.

Proposition 3.1.3. Fiz a polarization \ on A and an isogeny g : A — C. Then there exists a polarization
n on C such that g*n = X\ if and only if ker(f) is contained in ker(\) and ker(f) is totally isotropic for
the pairing associated to \.

Proof. The proof is an application of the discussion above applied with B = A’ and f = A. A polarization
is a line bundle of A x A and we want to know when it descend to a line bundle on O x C' = —4 4

ker(g) x ker(g) "
The line bundle descent to C x C' if and only if there is an action of ker(g) x ker(g). But this is made by

two compatible actions of 0 x ker(f) and ker(f) x 0. As we said before the two actions are compatible
if and only if ker(g) is totally isotropic for the pairing. O

Corollary 3.1.4. (Zarhin) A* x A'* is principally polarized.

Proof. Suppose that A\ : B — B’ is a polarization of an abelian variety and o an endomorphism of B.
Consider the isogeny f given by (z,y) — (z — a(y), A(y)) and observe that it has the same degree of A
and that Ker(f) = {(a(y),y) | y € Ker()\)}. Observe that if the polarization A x A descend to B x B’
then it is principal by a degree computation. By the previous proposition, and unraveling the definition,
A x A descend if a(ker()\)) C Ker(M) and ex(a(z),a(y))ex(z,y) = 1 for every x,y € Ker(\). The
first condition is satisfied if & o A = A o @ and under this hypothesis the second condition is satisfied if
ex(z,(1+d'a)(y)) =1 for z,y € Ker()), since

ex(a(x), a(y)) = exoa(®, a(y)) = €aor(, a(y)) = ex(x, o' a(y))

Now take B = A% choose m such that ker(\) C A[m], write m — 1 = a® + b + ¢? + d? thanks to the
Lagrange for squares theorem and consider the endomorphism

a —b —c —d
o= b a d -—c
e —=d a b
d ¢ —b
O
Proposition 3.1.5 (] ). The set of abelian sub varieties of A up to isomorphism is finite

Proof. We prove something more general, namely that the set T of abelian sub varieties of A up to the
action of Aut(A) is finite. Define V' as set set of right ideals of End(A)® Q modulo the action of Aut(A).
We will construct an injective map T — V and then we will show that T is finite.

e We define the map 7" — V that send Y to I(Y) ® Q where I(Y) := {u € End(A) such that u(A) C
Y'}. Tt is clearly well defined, and, to show that it is injective, suppose that I(Y)®Q =ul(Z)®Q
for some u € Aut(A). Since ul(Z) = I(u(Z)) we can assume u = 1. Thanks to A.1.2 there exists
aW C A and an isogeny Y x W — A, so that there exist a surjective map ¢ : A — Y. This
implies ¢(A) = Y and hence ¢ € I(Y) @ Q = I(Z) ® @ and hence there exists an n such that
ny € I(Z). Recalling that the multiplication by n is an isogeny we get Y = nY = ny(A) C Z and
by a symmetric reasoning Z C Y.
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o We show something more general namely that if F' is a semisimple finite dimensional Q algebra, L
is a Z-lattice inside F', (G is the set of automorphisms of F' as F' module, i.e. the invertible elements
of F, such that (L) = L, then the set of right ideals of F' modulo the natural action of G is finite.
Then we will apply F' = End(A) ® Q, L = End(A) and G = Aut(A)

Thanks to A.2.5 there exists a maximal order M inside F'. Then we can assume L is a M submodule
of F. Indeed if we define L' as the A submodule of F generated by L and G’ as the set of
automorphisms of F' as F' module, i.e. the invertible elements of F, such that o(L') = L/, we have
that L is of finite index in L’ and hence G is of finite index in G’. So for the finiteness statement
we can replace L with L' and G with G’.

Now by A.2.4 there exists a finite number of right M submodules of F' such that their additive
group is isomorphic to Z! for every ¢ and so there exists a finite number of couple of A submodule
of F' such that L; ® Lo ~ L. Denote this last set set with W.

Now if N is a submodule of F, define L1 (N) = NN L and Ly(N) = L% By A.2.5 we have that
L~ Li(N)® Ly(N), so that we have a map V' — H and we have just to show that it is injective.
But if L1(N) is isomorphic to L1(N’) and Lo (V) is isomorphic to Lo(N’) then, taking direct sum
we get an isomorphism L — L and so, tensoring with @Q, an isomorphism ¢ : F' — F such that
o(L)=L and o(N) = N’

O

Corollary 3.1.6. When we prove (2) of 1.2.3 we can assume d = 1.

3.2 Theta groups

In this section we introduce the notion of Theta group. It will be helpful to understand how to
construct principal polarization over finite extension of the ground field and also, in the next chapter,
to construct the moduli space of Abelian varieties. We fix a field &, an abelian variety with a separable
polarization L and we start with a definition.

Definition 3.2.1. The theta group associated to L is the functor
G(L)(T) :={(z,¢) |t € K(L)(T) and ¢ : L ~t,L}

The following are direct consequences of the definition.
Remark.
1)G(L) is a group under the law (z,v)(y,n) := (z +y, ;9 on)
2)We have an exact sequence of group functors:

0—-G, —GL)— K(L)—0

where the first map send z in (0, m,), where m,, is the fiber wise multiplication by z, and the second is
the natural projection (z,v¢) — x
3)G,, is central in G(L)

If L is a line bundle, we denote with L the associated geometric line bundle and IL* the associated
G,,, torsor.

Proposition 3.2.2. G(L) is representable.

Proof. Since K (L) is representable we have just to show that the morphism G(L) — K(L) is repre-
sentable. So fix a scheme x : T — K(L) an define M = Ly ® t*L;'. Using A.3.4 and the fact that
x factor trough K (L) we get that pp .M is locally free of rank one, so that we can consider M*. For
every T scheme 7", the G(L) point of T” that commutes with the map T — G(L), are exactly the non
vanishing section of My i.e the map from T” to M*. O

We are interested in G(L) thanks to the following

Proposition 3.2.3. Let H be a finite subgroup of A and f : A — B :=
morphism of groups H — G(L) lying over the natural inclusion H —
f*M =1

There s a bijection between

A
?-
A and M € Pic(B) such that

Proof. Tt is enough to observe that, by definition, a morphism H — G(L) lying over the natural inclusion
is an action of H on L compatible with the natural action of H on A. O
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With this we are ready to give a proof of the statement of our interest:

Theorem 3.2.4. Let K of characteristic zero. Every abelian variety is isogenous to a principally polar-
ized one over a finite extension of k.

Remark. The characteristic zero assumption it is not needed, but makes the proof more elementary and
we will need this theorem only in this situation.

Proof. We can assume k = k. We take any ample line bundle L on A and a maximal isotropic, for
the pairing induced by the polarization, subspace H of L. By 3.1.3, the polarization induced by L
descend to a polarization A of B = %, represented by some line bundle M, and, by maximality, there
aren’t subgroup containing H with the same propriety. We claim that the A is principal. Assume by
contradiction that K (M) is not trivial. Then, since we are working over an algebraically closed field
of characteristic zero, there is a subgroup of K (M) in the form Z for some prime [. Denoting with T
the pullback of G(M) along the inclusion Z — K (M), we get the following commutative diagram with
exact rows:

0 — G, — G(M) — K(M) —— 0

R

0 Gnm T 0

7

Observe that T is commutative, since G,, is central commutative and %Z is cyclic. Moreover G,, = k*

is divisible and so the sequence split. So we get a map ZZZ — T and hence a map H — G(M) lying over

the natural inclusion. But this means that we can lift the polarization to % and this is not possible by
LZ

construction.
O

Remark. With the same ideas one can prove that every abelian variety is isogenous, in a finite extension,
to a one with a principal polarization given by an symmetric line bundle.

3.3 Rosati involution
Definition 3.3.1. Given a polarized abelian variety (A, A), we define the Rosati involution
T:End(A) ®Q — End(A) ®Q

as fT=X"1fA\

Proposition 3.3.2. Fiz (A, ) with L ample. The Rosati symmetric bilinear form of End(A) @ Q
associated to 11, that maps (f,g) to Tr(f1g), is positive definite.

Proof. Denote Py (t) = Y- <;<q, ait’ the characteristic polynomial of f f. We have to compute T'r(f f7)
and this is —agg—1. Thanks to 2.0.1 we have that

(ne() —ea(f"D)y?

Degly1r00m) = x(F L @ 17 = ( g

- (Zogigg (g)(l)gi(cl(L)icl(f*L)gi))z
= .
But we have also

Deg(tg-p-1grn) = Deg(npr, —y-1,) = Deg(prn — f'rf) =

= Deg(¢rn — . f1f) = Deg(r)Deg(n — f1f)) = x(L)*Pyi s(n)

. Comparing the coefficient of the two polynomials we get

_ (L) g (L) (e (L) ea(f* L)) 29(er (L) ea(f*L))
(9')? (L)

and this is positive since L is ample and f*L is effective (f is a flat map on the image). O

Tr(fff)
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Proposition 3.3.3.
1)Aut((A, N)) is finite
2)Every element of Aut((A, \)) that acts as the identity over the n > 2 torsion points is the identity.

Proof. 1) Observe that if a € Aut((A,\)) then a'a = 1 so that
o € End(A)N{B € End(A) @R | Tr(a'a) = 29}

. The first is discrete and the second is compact thanks to 3.3.2 and so we are done.
2)Let « as in the statement. Then by the previous point it is of finite order, so that its eigenvalues are
roots of unit. Moreover &« — 1 = nf3 and « is unipotent thanks to the following

Claim: if « is a root of unit, g an algebraic integer and aw — 1 = nf8 with n > 2 then o = 1.

Proof. If this is not true we can assume that « is a p root of unit with p prime (o™ is a p-root of 1

different from 1 for some m and then we get a”™ — 1 = (o — 1)c = nfc for some algebraic integer c). We
have

p = No)je(e — 1) = Noje(nB) = 0"~ Ny(e(B)
and this is not possible if n > 2. O

So « is unipotent and S is nilpotent. Now 3; = 3t # 0 thanks to 3.3.2. Moreover 3; = BI so that,
thanks to 3.3.2, 7 # 0. Similarly 7™ # 0 for every m and this is not possible since 3 is nilpotent. [

All this lemmas are useful for the following corollary. Recall that, in the setting of 1.2.3, the all the
B,, have a polarization of degree d.

Corollary 3.3.4. Suppose that we have a family B,, of abelian variety isogenous to each other and with
a polarization A, of degree d. If they fall into finitely many isomorphism classes as polarized abelian
variety over K then they fall into finitely many classes as abelian varieties over K.

Proof. Suppose that we know that there exist finitely many isomorphism classes as polarized abelian
variety in the algebraically closure. Then we choose some m > 2 coprime with the characteristic of the
field and a finite extension F' of K such that all the B,, have the m torsion points rational. We claim
that all of them are isomorphic over F. Indeed let o be an isomorphism over the algebraic closure of K.
Then, for every o € Gal(K|F), o(a) o a~! is the identity over the point of order m, since they are F'
rational, and hence it it is the identity, by 3.3.3. So oo = « for all o € Gal(K|F) and hence « is defined
over F. Now we can easily conclude showing that the map

{ polarized abelian variety over K up to iso} — { polarized abelian variety over F up to iso }

has finite fiber. In fact the fiber of this map over an element (B, \) is parametrized, thanks to A.1.17,
by H'(Gal(F|K), Aut((B,\)) that is finite, thanks to 3.3.3. O

We will need another couple of properties of the Rosati involution. Denote with NS(A) = }iici((’il)) the

Neron-Severi group of A and observe that we have a canonical embedding NS(4A)®@Q — Hom(A, A')@Q
that send M to ¢ps. Moreover, if ¢y, is a polarization of A, we have an isomorphism Hom(A, A') @ Q ~
End(A) ® Q that send f to ¢, o f. So we get an injective map NS(A) ® Q — End(A) ® Q that send
M to yrt o

Proposition 3.3.5. Let a be the image of some ample line bundle M. Then:

1) is fized by the Rosati involution induced by L.

2)Q(«) is a direct sum of totally real field.
3)If « is symmetric all the component of « in the previous decomposition are positive.

Proof. 1)This is clear since ¢Zl(wzl o) = wglz/JM thanks to the fact that ) = ¢r.

2)Q(«) is a direct sum of fields, since it is a commutative finite dimensional algebra over Q. To show
that it is totally real observe that Q(a) ® R ~ R™ x C" and that every element in Q(«) is fixed by the
Rosati involution. By continuity, the trace bilinear form is positive semidefinite in Q(«) ® R, and hence
positive definite since the quadric is defined over Q and hence the null space has to define over Q. So we
get that if z € Q(a) ® R, Tr(x?) = Tr(zzt) > 0. But this implies that there are no complex embedding,
since if i = —1, Tr(i?) = —=Tr(1) < 0.

3)Write the characteristic polynomial of a = 17" o9y as P, = Zoéigzg(—l)iaiti. We will show that

18



a; > 0. Since all of its roots are real this is enough, thanks to the Descartes’ sign rule. The reasoning is
similar to the one done in 3.3.2.
Indeed for every n we get:

X(L" @ M™1)? = deg(¢pngrr—1) = deg(npy, — Yar) =

= deg(v)deg(n — 1 ' ar) = deg(ir,) Pu(n)

Moreover Riemann Roch shows that

g—1t

(L & M1 = %((CI(LH @M= Y (—1)”CI(L(;g:ZZ-C)1|E|M)l
0<i<g o

Comparing the coefficient gives the assertion. O
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Chapter 4

Proof over function fields

The proof over function field is made in two steps. First of all we will prove the conjecture over
function fields of degree of transcendence 1. Here the proof use the notions of height to prove the
finiteness statement. Indeed, we will construct a subspace of some P™ that parametrize abelian variety
with a fixed polarization. Then we will show that the height of the points in this projective space that
correspond to a family of abelian variety isogenous to each other is bounded, and hence we will get the
finiteness from A.3.2. To extend the result over arbitrary function field we will need some induction
argument on the transcendence degree of the function field.

4.1 Mumford moduli space

We give a sketch of the construction of the moduli space of Abelian variety over a field. We will
work with the moduli space of polarized abelian variety with a delta structure. We don’t need the whole
construction of the moduli space, since we have just to deal with the k point of it. Also with these
restrictions the proof involves some long and hard computations on line bundles. We will present the
main ideas of the construction and some computations. For the complete proof we refer the reader to
[ ]. From now on we will assume that & is an algebraically closed field of characteristic different
from 2 and we will deal with abelian variety with a fixed polarization of some degree d coprime with the
characteristic of the field.

The basic idea of the construction of Mumford is to construct, fixed an abelian variety A with very ample
line bundle L, a "canonical" basis of H°(A, L), so that we can embed A in a canonical way in P". Then
one shows that the equation defining A inside the projective space are uniquely determined by the image
of the neutral element of A in P™. So, after fixing some extra structure, we can recover A as polarized
abelian variety from a unique point of P".

So fix an abelian variety A with a separable ample line bundle L. The perfect paring induced by L give
us a decomposition of K (L) as direct sum of two maximal isotropic orthogonal subgroup K;(L), Ko(L),
where K;(L) is a maximal isotropic subspace. If d = (dy,...,d,), with d;|d;11 € Z, we denote with
K(d) = @1Si§”d% and H(d) = K(d) @ K(d)'. Recall that we have an exact sequence of groups:

0—-k"—>GL)—K(L)—0

To put it in a canonical form, we define G(d) := k* x K(d) x K(d)" with the group structure given by
(z,y,2)(@,y,7) = (2’2 (y),y + ¥, 2 + 2’). We have an exact sequence

0—>k*—=Gd)— H() —0

Definition 4.1.1. L is said to be of type d = (d, ..., d,,), if there exists an isomorphism K; (L) ~ K(d).
A delta structure on (A, L) is the choice of an isomorphism between the two exact sequences that is the
identity over k*.

A level subgroup of G(L) is a subgroup H such that H N k* is zero.

Lemma 4.1.2. There is a bijection between level subgroups of G(L) and couples (f, o), whereg: X —Y
is an isogeny and « is an isomorphism f*M ~ L where M € Pic(Y)

Proof. This follows directly from 3.2.3. O
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Lemma 4.1.3. The set of delta structure is non empty and finite.

Proof. 1t is clear that it is finite and that every line bundle has a type d, just choose a maximal isotropic
subgroup Ki(L) of K(L). Choose an isomorphism K;(L) ~ K(d) and observe that it induces an
isomorphism K5 (L) ~ K(d)'. If we choose level subgroups over K;(L) and over K»(L) (observe that
they exists thanks to 4.1.2 and 3.2.3), we can define a map G(d) — G(L) that it is the identity over k*
and that gives us the desired isomorphism by the snake lemma. O

The key idea of Mumford, that will allow us to chose a canonical basis of H(A, L), is the following.

Proposition 4.1.4. e There is an unique irreducible representation V(d) of G(d) such that k* acts
as its natural character.

s

e FEuvery other representation of G(d) in which k* acts in this way is isomorphic to V(d)", where

r= dim(VR(d)).
e HY(A, L) is an irreducible representation of G(d)

Proof. e Suppose that V is an irreducible representation and consider K (d) as a subgroup of G(d).
Since K (d) is commutative and with cardinality not divisible by characteristic of the field we have
that

V' = DyeHom(K (d)k*) Vx

as K representation, where V, is the subspace made by v € V such that x(k)v = kv for every
k € K(d).

First of all observe that k*%c?d) ~ Hom(K(d),k*). Indeed a simple computations show that, for
every y € G(d), there exists a well defined character x,, : K(d) — k* such that x,(k)k = y~ky for
every k € K(d). Since k* is central and K is commutative, the homomorphism G(d) — Hom (K, k*)
that send y to x, gives us an injective map 7 : f*(?() — Hom(K,k*) that is an isomorphism for
cardinality reasons.

Moreover one easily check that if v € V, then yv is in V., for every y € G(d). So we get that all
the V), are different from zero, since at least one is different from 0. If we fix a v € Vj, we get that
the subspace generated by yv, while y is varying, intersected with V, is one dimensional. Since the
representation is irreducible, all the V, are one dimensional.

We are ready to conclude. Indeed consider the subgroup H = k* x K(d)" and the representation W
which is k& with the natural action of k* and the trivial action of K(d)’. Then we have a canonical
morphism IndZ(W) — V, by the universal property of IndZ and the fact that k* acts as its
natural character over V. Since V) # 0, the morphism is non trivial. Since V is irreducible the
morphism is surjective and so we conclude counting dimension.

e Observe that the element such that 2™ = 1 form a finite subgroup of G(m) of G(d), where
m = |K(d)|. Since k*G(m) = G(d) a G(d) representation is semisimple if and only it is semisimple
as G(m) representation. Since char(k) does not divide m and G(m) is finite, all the G(m) repre-
sentation are semisimple and so we are done. For the second statement it is enough to observe that
Dim(V(d)¥) = Dim(V,) = 1 by the proof of the previous point.

e We have a natural action of G(L) given by (x,%)l = t_zt(l) in which &* acts as it’s natural
character. By the previous two points it is an irreducible representation of G(L).
O

So to construct a "canonical" basis of HY(A, L) it is enough to construct a canonical representation
V(d) of G(d) in which k* acts as the natural character with a canonical basis. Then by Schur’s lemma,
there is a unique, up to scalar multiplication, equivariant isomorphism V(d) ~ H°(A, L) and hence a
unique isomorphism P(H°(A, L)) ~ P(V(d)). To construct such a representation define

V(d) = {K(d) — k}
, as the set of function from K(d) to k, and an action of G(d) on it as
(#,9,2)f(w) = zz(w)f(y + w)
Observe that we have a canonical basis of V(d) made by the function e, defined by, for every a,b € K(d),

eq(b) = d4,5. By counting dimension this is irreducible by the previous theorem. So we have proven that
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if we have (A, L) and a delta structure we can construct a canonical map A — P" where n = deg(L),
thanks to 2.0.1.

Definition 4.1.5. Given (A, L) with a delta structure we define the delta null coordinates {qr,(a)}aex (a)
as the coordinates of the zero element of A in the previous embedding.

From now on suppose also that L is symmetric (this is not a big complication since we can change
L with L ® (—1)*L and observe that this is still separable since K(L ® i*L) = K(L?) (use that one
can write every line bundle as a product of a symmetric one and one in Pic?, see | | Ex 7.3)).
Mumford proved the following:

Theorem 4.1.6. Suppose that A[4] C K(L). Then L is very ample and the equation defining A inside
P™ are quadratic polynomials with coefficients that depends only on {qr(a)}eck(q). In particular the
isomorphism class of the polarized abelian variety depends only on the coordinates of the image in P™ of
the neutral element of A.

Proof. This is the main result of | ] O

Remark. Observe that also the restriction on the torsion is not a big problem. Indeed if we change L
with M = (L ® (—1)*L)? this will always be totally symmetric and A[4] will be included in K (M).

During the proof of the theorem Mumford proved also some useful relations that we will need in the
sequel.

Proposition 4.1.7. Let N be a subgroup of K(d) and suppose there is an isogeny f : A — % and a line
bundle M such that f*M = L. Then there exists a delta structure on (%,M) such that the delta null
values associated coincide with {qr(a)}aenz -

Proof. See | | and | ] O

Remark. Observe that the type of L? is made by even numbers thanks to the fact that K (L) = 2K (L?)
and the Riemann Roch theorem.

Proposition 4.1.8. If (A, L?) is a symmetric separable polarized abelian variety with delta structure
K(2d) and Mumford coordinates (qr2(a))ack(2d)- Then there exists a delta structure K(d) on (A, L)
such that K(d) C K(2d) in the natural way. Denote with K(2) the 2 torsion of K(2d) and of K(d).
Then we have the following formulas:

Dar(x+n) =279 31 geay L)L (2, 1) where 0 (2,1) = 3 ¢ je(o) Hw)qre (x + w) and n in K(2).
2)qr(u+v)qr(u—v) = 3, c g2 qr2(w+n)grz(v +n) if u,v € K(2d) with u+v € K(d).

3)012(2,1)* = 32, c ) Lmar 2z + n)ar(n)

4)ar(u)® = ZneK(Q) qrz(u+mn)qrz(n)

Proof. See | | Chapter 3 and | | last page. O

Remark. Suppose that K is not algebraically closed. Passing on the algebraic closure we again find
a delta structure and hence some coordinates. Observe that this coordinates are defined over a finite
extension of K such that the group scheme K (L) becomes constant.

4.2 The case of curves

The proof of Zarhin relies on the study of heights of families of isogenous abelian varieties. Suppose

that A is an Abelian variety over the function field of projective smooth curve over F,. This is the case
every time K is a finitely generated field over F; with transcendence degree 1. Since it is a global field,
we have a notion of height in the projective space, see A.3.1, and hence, thanks to the previous section, of
height of a polarized abelian variety with a delta structure. Since it is of characteristic p every valuation
is non Archimedean. These are the two key points in the proof. As we will seen in a moment, the non
Archimedean property of the valuations will allow us to show that the height does not change under
isogeny and so to deduce the finiteness theorem from the Northcott’s propriety of the height, A.3.2.
If A is an abelian variety with a polarization L of degree d we define the delta height of A, d(A, L), as the
height of the delta null point of (A, (L®i* L)?) where we choose some delta structures on M = (L®i*L)?
and on M? as in 4.1.8. We will change always change L with M, so that we will assume L symmetric
and A[4] C K(L). Moreover if we have some separable isogeny f : A — B and a line bundle such that
f*N = L, we choose some delta structure on (B, M) as in 4.1.7.
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Remark. Different choices of the delta structure does not change the height. Indeed a different isomor-
phism between K (L) to K(d) can always be performed at the level of the some finite extension of the
finite base field. Since all the valuation are trivial on this field this isomorphism does not affect the
height.

We begin with the key lemma:

Lemma 4.2.1.
1)d(A, L) = d(A, L?)
2)d(A, L) = h(qr(a))ack (2)-

Proof. 1) For every valuation v We have

maﬂ?ueK(d)(|QL(u)2|v) = MaZyer ()| Z qr2(u+n)qr2(n)|) <
neK(2)

< mazye () (Mazne k(2 (gz2 (w+m)qr2(0)o)) < mazuer@algre ()

thanks to 4.1.8 and the fact that all the valuations are not Archimedean. As a consequence 2d(A, L) <
2d(A, L?). For the other inequality we have

maxueK(zd)(|QL2 (U)2|y) < ma%eK(zd),leK(Q)/(WLz ($7l)2|v) =

= mazsexaiexey (| Y 1M Ce+n)am)l) < mazaeiala @),
nEK(2)

as before, noticing that {(n) has norm one since it is a roots of unit and that the first inequality follows
from the first point of 4.1.8. As a consequence 2d(A, L?) < 2d(A, L) and we are done.
2)

(mazuer(a)(|qL(W)]n)? = mazue k@) (lqn(w)lv) < mazyek @y pex @) (a2 (w+n)l)mazue g (g2 ))v) <

< maTyek (d)ner ) (qr2 (u +n)|o)mazye e 24) (1g22 (W) |v)

But, thanks to the previous point, this implies that maxuex(d)(|QL(U)|v) = maxueK(2d)(|QL2 (u)]) <
maze sz (|az2 (u)ly)- -

From now on the proof will be formal.

Proposition 4.2.2. 1)If f: A — B is a separable isogeny then d(A, f*L) > d(B, L)
2) If f : A — B is a separable isogeny then d(A, f*L) = d(B, L)
3) If Ly and Lo are two separable line bundles over A then d(A, Ly) = d(A, L)

Proof. Let N be the kernel of f.

1)Using 4.1.7 we get that set of coordinates of B in which we can compute the height of B is a subset of
the set of coordinates of A and so we are done.

2)Up to base change, that does not alter the height, every isogeny can be factorized as product of an
isogeny of degree 2" and an isogeny of odd degree.

If the degree of the isogeny is odd then, K(2) C N+ and hence we are done thanks to 4.1.7 and the
second point of the previous lemma. If the degree of the isogeny is 2" the we have a map g : B — A

such that fog = 2". Then we get that, thanks to the first point of the proposition, that d(B, L2n2) =
d(B,(f og)*(L) > d(A, f*L) > d(B, L) hence we conclude thanks to the previous lemma that tell us
that d(B, L") = d(B, L).

3)We use again a sort of Zarhin trick to reduce this statement to the previous point. Consider the
embedding NS(X)®Q — End(X) ® Q as in 3.3.5 given by Ly. Lo is sent to 1 and Ly is sent to some «
totally real and totally positive element in End(X)Y. Using the previous point we can replace L; with
L{‘2 for some n coprime with the characteristic of the field and hence we can assume that o € End(A).
Now, in Q[a], the equation X? + X2 + X2 + X7 = aX2 has a solution, since in has a solution in every
completion and it satisfies, as every quadratic, the Hasse principle (for the finite places is clear, for
the infinite place we have to use that the component of « are all positive). In particular the quadric
X? + X2 + X3 + X7 = 4o is rational and so it satisfies weak approximation. Observe that, since p # 2,
it as also a Z, point namely (a + 1,u(a — 1), v(a — 1),0), where u,v € Z, are such that u? +v* = —1.
So in Qp[a] we have a solution such that p does not divide the denominator and hence, thanks to weak
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approximation, we get a solution in Q[a] with the same property. Multiplying this solution for a big N
coprime with p we can find a,b,c,d € Z[a] such that a? + b? + ¢® + d*> = N?4a.
Consider now the endomorphism ¢ of X* given by the matrix:

a —b —c —d
b a d -—c
M= ¢c —d a b
d ¢ —b
We have
M'M = N*4ald = (2N)*ald
and hence ¥* (®1<ij<am Lo) = (®1Si§4w§L1)(2N)2 = (2N)*(®1<i<amL1) (see | | ex. 7.8), up to

some element in Pic’(A) that does not alter the delta structure, and so we get what we want thanks to
the previous point and the additivity of the height with respect to tensor product of line bundle. O

With this in our hand we can prove the finiteness statement

Theorem 4.2.3. (Zarhin) If K is a function field of transcendence degree equal to 1 over a finite field
of characteristic p # 2, then the Tate conjecture is true for every abelian variety and every | different

from p.

Proof. We will use the second point of 1.2.3. Thanks to 3.1.4 we can assume that A has a symmetric
polarization of degree d coprime with the characteristic of the field.

We choose an extension F' such that a delta structure is defined for every abelian variety isogenous to A
with a polarization of degree d and the d torsion rational, using A.1.16. Now by the previous proposition
all of them have the same height and so they fall into finitely many classes in the algebraic closure. So
by 3.3.4 they fall in to finitely many isomorphism class over F'. Now just observe that, as in the proof of
3.3.4 using A.1.17 and 3.3.3, this implies that they fall into finitely many classes over K. O

4.3 Reduction to the case of curves

4.3.1 Fullness

We will now extend the result to every function field with an induction argument. We will need the
following lemma of commutative algebra.

Lemma 4.3.1. Let R be a Dedekind domain, n € N, I any set, N a finitely generated R module,
{fi : M; — N} a family of maps of R modules such that, for every i, coker(f;) is flat and F a flat
module. Then

(NierIm(fi)) @ F = Nier(Im(f;) ® F)

Proof. O
We have the following commutative diagram with all the map injective, thanks to the flatness of F'
NierIm(f;)) ® F Nier(Im(f;) ® F)

N®F

So we have just to show that N;c;(Im(f;) ® F) C (NierIm(f;)) ® F. To prove this is enough to prove
that there exists a finite subset J C I such that N;erIm(f;) = NicsIm(f;). Indeed given this we get
that

Nier(Im(fi) @ F) C Nies(Im(fi) ® F) = Nies(Im(fi)) ® F = Nier(Im(f;)) ® F

To prove the existence of such a J, we will show that the set of subset in the form N;c;Im(f;) with
J finite, satisfies the descending chain condition, this is enough thanks to Zorn Lemma. So consider a
descending chain N, 5, Im(f;) with J, C J finite. Taking quotient, we get a sequence of surjective maps

N N

Nien Im(fi)  Nieg_ Im(fi)
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To conclude we observe that, since we are over a Dedekind domain and, by induction every %m(f)

is torsion free and hence projective, this sequence stabilize (a surjective map between two projective
modules of the same rank is an isomorphism). O

Remark. Suppose that (R, m) is a commutative henselian noetherian domain of dimension bigger then 2
and A a finite unramified cover. Suppose that there is a map f : A — k(m) that factorize trough all the
ideals of height 1 of R. Then, since Np(py—1p = 0, % and k(m) are connected, f factorize trough R.

Now we can state the theorem

Theorem 4.3.2. Let R a normal noetherian domain of dimension bigger or equal to 2 such that:
1)the set C(R) := {char(% p € Spec(R)} — {0} is finite

2)for each prime p of height 1 the T; is faithful for Frac(%).

3) the closed point with height bigger then 2 are dense in Spec(R)

Then for every abelian variety A over R, the Tate conjecture is true for Ap,qc(r) over Frac(R)

Corollary 4.3.3. T; is faithful for every finitely generated field K of characteristic p > 2.

Proof. Let A be an abelian variety over K.

Suppose that char(K) = p > 0 and the finite base field is k. Then we have what we want by induction on
the transcendence degree of the field K over k and the Tate conjecture for function field of transcendence
degree 1 over k, observing that if R is a normal model of £ over a finite field such that the abelian variety
A extend to an abelian variety over R, then for every p € Spec(R) of height 1, T'r.degreey, (Frac(%)) =

dim((%) < dim(R)—1 = Tr.degreex(Frac(R)) — 1. Observe that the third hypothesis is clearly satisfies
since the closed point are dense and all of the maximal height. O

Now we prove the theorem. We denote with (H, my) the strict henselianization of (R), where y is a
closed point of maximal height of Spec(R). We define the following set:

M= (S,mg) where H C S C K, H is a strictly henselian ring and
o mg, the maximal ideal of S, is such that pg := mg N H has height one.

Denoting with kg the residue field of S, we define also the obvious maps, for every S, as in the following
commutative diagram:

TH
/_\ )
H 2 N7
ka i bs s H K
Ps H
lrs l“/
kg +—=— 8

Moreover we define Gs = {g € G such that g(S) = S} and q¢ = RN mg. Finally we define for every
map f: X =Y of R algebras, the map EA;(f) : End(Ax) — End(Ay). Observe that the Tate module
of all this scheme are isomorphic and in the sequel, to simplify the notation we will identify all of them
and they endomorphism algebra. For a proof without any identification see B.0.1.

We start observing that, to prove the Tate conjecture, it is enough to prove that Endr, (T;(Ax) C
End(A%) ® Zy, since if we know this we get Endr, (Ti(Ax)) = End(Ax) ® Z; N Endr, (T;(A%)) but
End(Az) ® Zy N Endr, (T1(A%)) = End(Ak) ® Z;, observing that only morphism that are fixed by the
Galois are the one defined over K.

We start with an element x € Endr, (T)(A%)). Since the action of Gg on Tj(k) is compatible with
the map 7g and ig, we get that « € Endg,(T;(Ag)) for every S. Now we observe that the natural map
Gs — I‘ch(%) is surjective, so that = € Endppmc(%))(Tl(Af) for every S. By hypothesis we have
that there exists a f € End(Ach(%)) ® Zy such that Z‘S}(f) = 2. Now we will show that this f is in the
image of EA(7y) ® Z;. We have:

Lemma 4.3.4. Suppose that H — H' is an injective map between two strictly henselian R, domains.
Then map End(Ag) — End(AYy) is bijective.

Proof. Since the two Tate module are isomorphic and the map End(Agy) — T;(Apy) is injective, we get
that the map End(Ay) — End(A%) is injective. If End(Ag|H) is the finite unramified scheme that
parametrize the endomorphism of Ay we get the following commutative diagram:
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End(Ag|H) g —— End(Ay|H)

| l

Spec(H') ———— Spec(H)

An element in End(Ag/) is a map Spec(H') — End(Ap) and hence, since End(Ag|H) is a finite disjoint
union of scheme of the form Spec(% for some I ideal of H, and H' is connected, it is a map % — H' for
some ideal I of H. But since the map H — H' is injective we get that I = 0 and hence it comes from a
section Spec(H) — End(Ag|H). O

Thanks to this we get that f € Ngepr(IM(EA(rm 1)) ® Z;). The key lemma is the following:
Ps

Lemma 4.3.5.
1)We can choose a closed point y € Spec(R) of height bigger then 2 such that

ﬂgeM(Im(EA(ﬂ%)) ® Zi) = (NsemIm(EA(m 1)) ® Zy

bPs

Q)Im(EA(ﬂ'H)) = ﬂSeMIm(EA(ﬂ'i))

Ps

Proof. 1)Using 4.3.1 we just need to find a y such that coker([m(EA(ﬂ%))) is torsion free for every s.
Suppose mg = EA((TF%))(f), for some g € End(Ax,), f € End(A%) and m € N. We can assume m
prime and we divide two cases: m € C(R) or m ¢ C(R).

If m ¢ C(R) then A% [m] and Ag,, [m] are étale , so that, since f is zero in Ay, [m] it is zero in A% [m],
since taking special fiber is an equivalence of categories. So we get that f € mEnd(A%) and we are
done. If m € C(R) the situation is more complicated, because we don’t know if A% [m] is étale . The
key to avoid the problem is the following;:

Claim: For every prime p, there exists an open dense subset V of Spec(R), an integer n and a finite
subscheme E of End(Xy[p]|V) such the morphism End(Xy[p"]|V) — End(Xv[p]|V) factors though F
and the diagonal morphism E — F Xy E induce an homeomorphism of E into an open and closed
subscheme of F xy E.

Proof. 1t is enough to prove that over the generic fiber there exists a finite group scheme E and a natural
number n such that the morphism

End(Ak[p"]|K) — End(Ak[p]|K)

factors trough a finite group scheme over K. Indeed if we have this we can find an open subset with
all the proprieties required except for the condition on the diagonal. But now observe that the diagonal
induces an homeomorphism into an open an closed subset on the generic fiber, since it is true when we
take the reduced part (they are just disjoint union of point). For this, since the image of the morphism
and finiteness condition are stable by base change, we can assume K algebraically closed. Then it
is enough to show that End(A[p"]) — End(Ak[p]) is finite for some n. Now observe that for n big
enough, Im(@i End(A[p']) — End(Alp])) = Im(End(A[p™]) — End(A[p))). Indeed, for sure we have
that Im(End(A[p™]) — End(Alp])) C Im(End(A[p™]) — End(A[p])) and the set of image satisfies the
descending chain condition, since they are the K points of closed subscheme of a noetherian scheme. But
now observe that lim, End(A[p']) = End(A[p™]) and this is finitely generated. O

With this in our end we choose a closed point y € N,,,cc(r)Vin of height bigger then 2, where V,,, is
the open subset of the claim relative to m. We have to show that f is zero on A u [m] knowing that it
Ps

is zero on Ay, [m]. Then we have the following commutative diagram, where A is the diagonal:

EFu xFEu %EkHXEkH
Ps Ps

Ap, —— Ag,,

Spec(p%) «—— Spec(km)
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Now f X €, where € is the zero section, restricted to A u [m] is the dotted morphism on the left. Since f
P

is zero after the base change with ky the dotted morphissm on the left factors trough the diagonal. Since
the diagram is commutative and the diagonal is open, also the morphism on the right factor trough the
diagonal. Since p% is reduced, this is enough to conclude.

2)This is clear by 4.3.1, since the dimension of R,, and hence of H, by | |, Lemma 15.36.7. , is
bigger or equal of 2 by hypothesis and the endomorphism of Ay are classified by a finite étale scheme

over H. O

With this we get that f € Im(EA(ry)) ® Z;. Now using again lemma 4.3.4, we find that f comes
from an element in End(A%) ® Z; and this conclude the proof.

4.3.2 Semi-simplicity

To prove semi-simplicity we will follow a specialization argument, based on a classical argument of
Serre. The setting is the following. We have an abelian variety A of dimension g over a noetherian
normal curve scheme over a field k, with generic fiber K, and we know that for every k-point s of R
the induced representation of m (k(s)) over Ay is semisimple. We want to show that the representation
induced on the generic fiber is semisimple. Recall that the map m (K) — 71 (R) is surjective, since it
is the projection from 7 (K) to the Galois of the maximal unramified extension of R. Denoting with
II4 the image of the representation induced on the fundamental group of some R algebra A we get the
following commutative diagram:

m1(k(s)) —— m(R) +—— m(K)

bR
™~ i /

GLay(Q)

So if we can find some s € Spec(R) such that the map Il ) — Il is surjective we are done. To do this
it’s useful to recall the following, where we denote with ®(G) the Frattini subgroup of any topological
group G:

Lemma 4.3.6.

1)A map between profinite group [ : G — H is surjective if and only if the map G — % 1S surjective.
2)®(I1R) is open is Ilg.

Proof. 1)The image is contained in a maximal open subgroup M. Since the map is surjective on the
quotient for the Frattini subgroup, M®(H) = H. But ®(H) C M so that M = H.

2)This follows from the fact that the image is is a compact l-adic Lie group, thanks to Cartan’s theorem.
But in any compact l-adic Lie group the Frattini is open, see | |, Page 148-149. O

Thanks to the previous lemma p~1(®(Ilg)) is open and hence it gives us an Galois étale cover X — S
with Gal(X,S) = ;),IH&, where S = Spec(R). Always thanks to the previous lemma, we just need

((TRr))
to find an s € S such that the map m(s) — % is surjective. What is the image of m1(s) — m1(5)?

In general it is not clear, but for our purposes it is enough the following

Lemma 4.3.7. 71(s) is contained in an open subgroup V of w(S) if and only if the map k(s) — S lift
to a S-map k(s) — Xy where Xy is the covering associated to V.

Proof. If there exists the lifting then we are done thanks to the following commutative diagram:

/l

m1(s) — m1(5)

For the other implication observe that the connected components of the fiber over k(s) are in bijection

with the orbit of the action of w(s) over 7:2;?‘2) and the degree of a component is the cardinality of the
orbit. Since m(s) C m(Xy) we get that there exists at least one orbit with one element. O
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In particular we just need to find a rational point s such that for every covering Xy that correspond
to an open subgroup of 71 (S) containing p~1(®(Ilg)), i.e to a covering between X and S, s does not lift
to a k(s)- rational point of Xy . It is not totally clear that this exists and to construct one we have to
work a bit. First of all we take any étale covering f : S — U, where U is an open subset of some P"
and up to replace S with a non empty open subscheme. X is also a covering of U and we take its Galois
closure X. For every u € U and s € f~ L(u) we get the following commutative diagram.

m(s) ——————— m(S) —————— 1I

e
/

Gal(X|U) «— Gal(X|S) — Gal(X|S) = =it 50D

We define U’' = U(k) — UMpM(%A(k)) where M is varying over the proper subgroup of Gal(X|S) and
P % — U. Thanks to the previous discussion, if we show that U’ is non empty we won, since then
we can take any u € U'(k) and any s € f~!(u) so that, by construction, s does not lift to any rational
point of %

To prove this we introduce, following Serre, the notion of thin set.

Definition 4.3.8. If k is a field, we say that a subset A of P"(k) is thin if there exists an algebraic
variety X, with a morphism without rational section and finite generic fiber 7 : X — P" such that
A Cw(X(k)).

We say that a field is Hilbertian if it P™(k) is not thin for every n € N.

So to conclude the proof it is enough to show that if k is a function field over a finite field then it is
Hilbertian.

Remark. | |, Page 121. 1)Every finite union of thin set is a thin set.
2)If a field k is Hilbertian then W is infinite.
3)Every thin set is contained in a union of set in the following form:
-f(X(k), where X — P" is a dominant morphism of degree bigger of 2 and X is a geometrically irreducible
algebraic k-variety
-i(X (k)), where i : X — P™ is the inclusion of a sub variety.

Lemma 4.3.9. An infinite field is Hilbertian if and only if P*(k) is not thin.

Proof. Suppose that P"(k) is thin for some n. We can assume that there is an geometrically irreducible
variety X — P" such that the map is surjective on the k points. Then we have that for all the line
L C P" the base change map X; — L is surjective on k points. But, via Bertini theorem (] I,
Theorem 6.10), we can choose a line such that X, is geometrically irreducible so that P*(k) is thin. O

Lemma 4.3.10. 1) For every field and every transcendental element t, k(t) is Hilbertian.
2)A finite extension L of an Hilbertian field K is Hilbertian.

Proof. 1)This can be proved in a number of different ways. We will give a non elementary proof that is
based on some strong version of the Bertini theorem.

e Suppose first that & is infinite. If k(t) is thin there exist finitely many 7 X;(k(t))) such that all but
finitely many elements in k(t) are contained in their union Q. Observe that, since A, — A is

birational, these morphisms extend to dominant maps Y; — Ai, with Y; is geometrically irreducible,
since the set of point such that Y; is geometrically irreducible is constructible and contains the

generic point. Using Bertini theorem, see [ | Theorem 6.3.4, there exists an open subset U; of
Ay such that Y; x L, is geometrically irreducible for every (a,b) € U;(k), where L, is the line
at + b.

In particular at + b does not lift to a k(t) rational point on X, since Y; is geometrically irreducible
and hence at + b & 7;(X;(K(t))). Hence ANk x k C U;(A? — U;)(k)) but k x k — U;(A? — U;)(k))
is infinite, a contradiction.
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e Assume now that k is finite. If we denote with H, the set of degree d hypersurfaces of A? and with
Sq the subset of H; made by the H such that Y; x H is irreducible, we have, by | ] Corollary

1.7, that
, |Sal
Limgsioo—=a>0

T Hy|

. Reasoning as before, we get that 2N Hy C Hy — Sy and hence that

H;NA
Limsupdﬁ+ood7 <l—-ax<l

Hy

. But as k(t) = UgH4 and E(t) — A is finite we should have

HdﬁA_

1
Hy

limd»—>+oo

2)Suppose A™(L) is thin, i.e that there exists a morphism X — A7} over L, such that A"(L) =
7(X (L)), where X is an algebraic variety that we can assume affine. Then we apply the functor Resy, /x
to get a morphism Resy x(X) — Resp/x(A}). Moreover we have the counit Ay — Resy i (A7) =
Resp k(A% ® L) that on K point is just the natural inclusion of K™ in L™. Consider the following
Cartesian diagram:

Y —— R@SL/K(X)

| |
Az —_— RESL/K(Ag)
Observe that f(Y(K)) = A™(K) so that to conclude we have only to show that f has no rational section.

But if f has a rational section s the universal property of Res would give us a rational section of 7 and
this is not possible by assumption. O

This last lemma and the work done in the previous sections give us:

Theorem 4.3.11. The Tate conjecture it true for every function field of positive characteristic different
from 2.

Remark. Using a result of Deligne, the homotopy exact sequence for the fundamental group and some
properties of algebraic groups, is possible to reduce the semisimplicity even to finite field k. Indeed
suppose A is an abelian variety over a normal geometrically connected curve X defined over k and
choose a point z of the curve defined over the k. Then we have an exact sequence:

0—>7T1(XE> —>7T1(X) —)71'1(:13) :Fk — 0

Then the action of the last one on the Tate module of A is semisimple, thanks to the Tate conjecture
over finite fields. The result of Deligne, [ | Corollary 3.4.13, tells us that also the action of 7 (X7)
is semisimple, and hence we get semisimplicity of the action of m (X).
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Chapter 5

Proof over number fields

The proof over number fields is similar in the spirit to the one over function fields, but the Diophantine
step is more involved. The key problem is the presence of Archimedean valuations, that does not make
possible the prove directly the boundedness of the height of a family of isogenous abelian varieties. To
prove this boundedness we introduce another notion of height, the Faltings height, that takes care also
of the infinite valuations. The first two sections are devoted to define and prove boundedness of this
height. Next, using some Arkelov geometry, we will show that the boundedness of this height implies
the one of the delta height.

5.1 Behavior of the Faltings height under 1 power isogenies

The aim of the following two sections is to prove the following theorem:

Theorem 5.1.1. Let K be a number field, A an abelian variety over K with semistable reduction and
G a sub l-divisible group of A[l*°]. Define B,, := G% and let h(B,,) be the Faltings heights of B,,. Then
the set {hp(B,)} is finite.

The proof relies in a careful study of the kernel of the isogenies A — B,, and some results about the
representation T;(G).
For all this section K is a number field, Ok its ring of integer, v is a (finite) prime over I, A an abelian
variety over K of dimension g with semistable reduction, G a sub l-divisible group of A[I*°], of height h,
and B, := GA Moreover let A be the connected component of the Neron model of A

n

Definition 5.1.2. We define the Faltings heights of A as

1 S*Qi/OK -1

i K—C

where w € Qi\/OK is any non zero element.

*Qg S*QQ
Remark. 1)Using the product formula and the fact that ‘Sd‘#‘ = *Qf;”/o’(’v one shows that
ws A0 v |ws Au/Orcy

the Faltings height does not depend on the choice of w.

2)If A has semistable reduction the Faltings height is stable by finite base change thanks to A.1.34 and
the factor ﬁ

3)If S*QQA/OK is principal then

hr(A) = m( Z log(| wAw ‘_1)>

i:K—C i(A)(©)

where w € Qi\ ey is any generator of the module.

Denote with v, the isogeny A — B, of degree I"". We have an exact sequence 0 — G, — A —
B,, — 0 over K so that, over Og we have 0 — G, — A — B,, — 0, where G, is a quasi-finite flat group
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scheme, just looking at each fiber. We want to understand hr(A) — hp(B,) and we start observing that
Y*wp, = awa for some a in O. Now we compute:

hi(A) = hp(By) = m S log( i@ @ahwal™)

vioe e ows. AWBTY)
1 | Joya, wan@al™) 1 i(a)i(a)| Joyn, wa AwE| )
= — [ _ _
[ Q) i:I;C ool | fC/ABn Wi, AN@B, |7 (K Q) i:g—:xc Og(Deg(wn)\ Jeyaywa nwal™t)
1 oY 1 B
=g, 2 ) ~ gy o TouDeglhn)) =
2

= ——log(|Nk(a)|) — log(Deg(1,
129 Ni(@)) ~ log(Deg(in)
where i(A)(C) = C/Ay4, the same for B, and we have used the formula for changing variables in the
integral and the fact that 1), identifies A4 with a sub lattice of Ap, , see A.1.1.

hn[K:Q)

So we have that h(B,,) = h(A) if and only if, remembering that deg(¢,) = "", 172 = |0k /aOk]|.
Then we note that Ok /aOk is the coker of the map s*Q%n/OK — S*Qi\/oK, ie S*Qi‘/lg . Moreover

observe that, denoting with 4,, the inclusion G,, — A and observing that G, is the base channge of A— B
along the zero section, s*Q4/5 =~ s%i,Qa/5 = s"Qg,0, so that s*() 4,5 is torsion and finitely generated
and hence, it is isomorphic to @pegpec(0,) (5*Qa/B)p- A simple computation, using the fact that on every
localization of a Dedekind domain we can diagonalize matrix, shows that

|coker(s*§2%n/oK — s*Qil/OK)\ = |coker(s*Qp, j0, = Qa0 | = 5" Qays, | = 15", 10|

In conclusion we have shown the following:

hn[K:Q]

h(A) = h(By,) if and only if = 2 = [s"Qg, 0,|

Since s*Qg, /0, is killed by a power of [ its support is contained in the prime over [ and hence, since
it is finite, s"Qg, /0, ~ [1,);5"Qg, /0, Where O, is the completion at v. Now Ok, is a complete
DVR and G, is quasi finite, so that, thanks to A.44, G, , ~ Q,J;U 1167, where the first factor it is a

n,v
(universal) finite group scheme over Ok, . Since h : g,{,v — Gn,v is a group map and an open immersion,
S*an,v/oKU ~ S*h*an,v/OKu ~ S*QngL’U/OKU SO that |8*an,u/OKv| = |S*Qg£,v/OKU ‘

The natural question now is if the family g,fw form a [-divisible group over Ok, . In general the answer
is no, but the next lemma shows that is true up to replacing A with some B,,.

Lemma 5.1.3. There exists an N >> 0 such that % for an [ divisible group.

Proof. Observe that the generic fiber of Gy, form an I-divisible group. This follows from the fact that the
intersection of [-divisible group is I-divisible over an a characteristic zero field, because the intersection
of Z, I'k invariant modules is a Z, I'x invariant module, and from the equality Q,J;U = g,{,v N A, [
To justify this equality, we observe that just by functoriality we have the inclusion from the left to the
right and we have just to check that they have the same special fiber (and this is clear since only the
finite part persist) and the same generic fiber. For the last, one check that they have the same K’ point
for every finite extension of K by the finiteness of g;ﬁ’v.

Now the lemma follows from the following:

Claim If the generic fiber of a family of finite flat groups G,, — G,,4+1 form an I-divisible group over a
discrete valuation ring R with fraction field K, then there exists an N >> 0 such that % form an
[-divisible group.

Proof. Observe that G;y1/G; is finite, flat and killed by p (since the map induced on the Hom on
the generic fiber is injective) so that we have an homomorphism G;12/Giy1 — Gi+1/G; that it is an
isomorphism on the generic fiber. Thanks to this we have that the family G;11/G; is a increasing chain
inside the finite algebra G1®x. Since the integral closure of R inside the above algebra is noetherian,
there exists an N such that G;;1/G; is an isomorphism for all ¢ > N. We claim that this N works i.e
that G, = Gn4n/Gy form an I-divisible group with the natural inclusion map. We have the following
commutative diagram:
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GN-‘,—’U-‘,—l/GN — GN+v+1/GN

J» dl

GN1v+1/GN+o LN Gn4+1/GN

where ( is induced by the multiplication by p¥ and it is an isomorphism. Then, since +y it is a closed
immersion, Ker(p¥) = Ker(a) = Gy+,/Gn and hence we are done. O

So, up to replacing A with By, we can assume that g,f;v is a I-divisible group. Observe that we have
the exact sequence 0 — (Gf )° — G/ , — (G ) — 0, where the first map it is an open immersion of
group scheme. Reasoning as before we get that s*Qg; JOx, = S*Q(gf )0 /O, - But this is computable!

In fact observe that fgg » = Spec(A, ) then A, ,, is a connected finite algebra over Ok , and hence it is
generated by an algebralc element o with minimum polynomial f (tensoring with the residue field leaves
Ay n connected so that the tensor is generated by an element and hence (Nakayama) A, , is generated

by an element). So we get that Q4 /0, , =~ %. But Q4, . /0x., =5 Qs 00, @0k Avn, thanks
sV 1 v

|Rank(<g£,v>0> — |Av,n

to A.1.15, and A, , is free of rank Rank((G},)°) so that |s*Q 7y -

1251 = It | = et o
7 N (f(@) Discoy , ((94,5)0) "
To resume, we are reduced to show that

But

(gﬁ,v)o/oKU

'un

1
:
hn[K:Q] Rank(9y )
2

OK,v
D’L’SCOK,U ((gv{,v)o)

vl

For this we have the following result of Tate, remembering that we can assume that the gg;v form an
l-divisible group.

Proposition 5.1.4. If G is a p-divisible group of height h and with associated formal group of dimension
n then Disc(G,) = (pnvFenk(Gu))

Proof. See | | Prop 6.2.12 O
So we get
Ok, Runk((g Rank((64,,)9) — Ok Rank«;f 29 — dyn[K,:Qi
H|Dzsc | =111 (1 nRank«gﬁ,v)O)))' =11

(4.)°) ol

vl
where d, is the dimension of the formal group associated to the [ divisible group (g,{m)o. So we are left
to show that 1

D dy[K, Q] = ShlE Q)

The insight of Faltings is that this two numbers are the Hodge-Tate weight of the same character, see
A.4.6. Define W = T)(G) and V = Indgg(W). We will first show that Det(V)q, is Hodge-Tate of

weight Y- d,[K, : Q] and then that it is Hodge-Tate of weight Lh[K : Q].

First of all, observe that Vig, = (Indgg(W))@L = @Sep@l\rq/r}([ndgms (W), thanks to A.4.7, where
(T )sis sT s 1NTg, and Wy is the representation of (I'x)s given by p(z) = p(s~'zs). Since K is Galois
we get Vig, = ®serg, \r@/rKfndg@Kl” (W) for some v over [. Since I'g,\I'g/T'x is the set of embedding
of K in Q,, i.e the set of primes v over [, we get that Vion = EBU”IndIl:gl“ (Wik,). So Det(Vig,) =
@y Det (I ndggl” (Wik,))- Observe that over a sufficiently big finite extension this representations are

isomorphic to Det(VV‘KU)[K“’Q"]. Since the Hodge-Tate propriety is insensitive of finite extension, A.4.6,
we get that Det(V|q,) is Hodge-Tate of weight ) d,[K, : Q] thanks to the following (highly non trivial)
theorem, that we will prove in the next section:

Theorem 5.1.5. Det(W|g, ) is Hodge-Tate d,,.
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Now that we know that Det(V) is hodge of some weight d at [ we can do another computation.
Observe that this representation is an l-adic character x of (I'g)? unramified outside finitely many
primes. Define xg = Xl_dX where x; is the cyclotomic character.

Then Yj is of finite order. In fact, thanks to Kronecker-Weber theorem, (T'g)2® ~ H Z,, where each Zj, is
the inertia group at p. Since Y is unramlﬁed at almost every prime, xo is a map Zpl, . ><Z XLy — Z*
Observe that each Zj has finite image (in fact it isomorphic to F' x Z,, with F finite and so in it tr1V1a1
outside a finite set). Moreover since Yo is Hodge-Tate of weight 0 at 1 also Zj has finite image since it is
the inertia group at [ (see A.4.6).

So we can write y = x%xo with xo of finite order. Then observe that for some Frobenius |y(F,)| =
Ix}(F,)| = p?. But, thanks to Weil conjectures A.4.8, the eigenvalue of the Frobenius acting on V;(A)
and hence on V;(W) have complex absolute value p'/2. But this are the same eigenvalue (choosing a
Frobenius in 'k at same place of good reduction) of V. So the complex absolute value of the character
of Det(V) at this Frobenius is pl¥*@"/2  since V is a representation of dimension mh.

5.2 Det(Wg,) is Hodge-Tate of weight d,

In this section we will proof 5.1.5. The theorem is corollary of the following two theorems.

Theorem 5.2.1 (Hodge-Tate decomposition). [ | Let K be a p-adic field, G a p-divisible group
over Ok, tg the tangent space of the formal group associated to it with dual t; and t¢(Cg) =tc ® Ck.
Then Hom(T(G),Ck) ~ t(Ck) & ta(Ck)(—1) and so, taking duals, T(G) ~ tc(Ck)(1) &t g (Ck)

Theorem 5.2.2 (Orthogonality theorem). With the same notation of the previous theorem assume
further that G is the p-divisible group of the p torsion of a semistable abelian variety. Then, denoting

Ti(G) s the p divisible group associated to the finite part of G, gl( %) s an unramified representation of

I'k.

Proof. of thm 5.1.5.

We have an exact sequence, where W; C W is the submodule induced by the finite part of G, 0 —
Wy =W — Wﬂf — 0 and hence an isomorphism Det(W)q, ~ Det(Wy)q, ® Det(q~ )‘@l Now W; is a
representation coming from a [-divisible group of Ok, and so, by 5.2.1, Det(Wy)q, 1t is Hodge-Tate of
weight d,,. To conclude, we observe that, by 5.2.2, Det( )IQL is unramified and hence, thanks to A.4.6,

it is Hodge-Tate of weight 0. O

5.2.1 Hodge-Tate decomposition

We start working over a p-adic field K, with ring of integers Ok, absolute Galois group I'x and we fix
a p-divisible group G over O, with dual G’. The aim of this section is to show that Hom(T'(G),Ck) ~
ta(Ck) ® t5/ (Ck)(—1) as Galois module. Let D € {K,Cg}. We will denote mp the maximal ideal of
D and Up = 1+ mp. We start observing the following dualities:

o B(G) = Hom(T(C'), jy)
o T(G) = Hom(T(G), Z,(1)

e T(G'") ~ Homp(Gp,G,,(p)) where Gp is the base change of G on D and the Hom are the
homomorphism as p-divisible group

Observe that the second duality give us for every element of T(G’) a family of maps ¥, g : G,(B) —
G (p)o(B) = ppe (B) where v is an integer and B is a D algebra. The key observation is the following
lemma:

Lemma 5.2.3. Ug, ~ lim lim G (p)o(=25—)

mbKCK
Proof. See | | L10, Example 2.2 O

So, to put all together the maps given by duality, we define G(D) as hm lg ( 5)- We get a
R

map T(G') x G(D) = G, (p)(D) ~ U and hence a map G(D) — Hom(T (G’) U). Observe that we have
an exact sequence 0 — ppe — U — Cg — 0, where the last map is the logarithm. This gives us an
exact sequence 0 — Hom(T'(G'), ppe=) = Hom(T(G"),U) — Hom(T(G'),Ck) — 0. We want to extend
this sequences to any G.
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Lemma 5.2.4. e G°(D) ~ Homeont (A, D) ~ mgim(G)
e GYD) = Hglv Ge(

—L_Y and hence it is torsion.
m@K

e The sequences 0 — G9(D) — G(D) — G*(D) — 0 is ezact.
i G(OCK)tors = (I)(G)
Proof. See | ] Chapter 3,6 O

Thanks to the first point of the lemma we can define a functorial continuous homomorphism log :
G°(D) — tg(Frac(D)) and we recall that it is a local isomorphism in a neighborhood of the identity,
see A.4.2. Using the second point we can extend the extend the map to the whole G(D), since for every
x we can chose an n such that p"z € G°(D) and then define log(z) = log(p"x).

Lemma 5.2.5. We have an ezxact sequence 0 — ®(G) — G(Oc¢,) — ta(Ckx) — 0 and log(G(Ok))
spans tc(K) as Q, vector space.

Proof. Recall that the torsion of G(Oc, ) is equal to ®(G) and it is contained in the kernel of log, since
tc(Ck) is torsion free. Moreover if z is in the kernel then log(p"z) = 0 for some n. But log is an
isomorphism in a neighborhood of the identity, so, up to choosing n big enough, log(p™z) = 0 implies
p"x =0 i.e x is torsion.

For the surjectivity observe that the image of the logarithm restricted to some some open U is an open
subgroup containing the identity of t¢(Cg) so that log(O¢, ) contains an open subgroup containing the
identity. But then, for every z € t¢(Ck), using A.4.1, there exists n such that p"z € log(Oc¢,.) i-e the
cocker of the log is torsion so that log(Oc, ) ® Q, = t¢(Ck). Observe that this reasoning applied with
Ok give us the last statement. To conclude it is enough to show that G(Oc, ) is divisible since this
implies that log(Oc, ) ® Qp =~ log(Oc,)-

To show this, thanks to the previous lemma, it enough to work with G°(Oc,.) and G*(O¢, ). For the
first observe that this is true thanks to the fact that the multiplication by p in the formal group is finite
and faithful flat and the isomorphism G°(Oc,.) ~ Homeoni(A, Oc, ). For the second we observe that
this is clear since G¢(O¢,. ) = (%’j)” for some n (thanks to Hensel lemma and the fact that the residue

field is algebraically closed). O

Putting all together we get the following commutative diagram with exact rows and I'x invariant
vertical maps:

0 d(G) G(D) ————  t¢(Cx) ———— 0

b : o

0 —— Hom(T(G), ppe) —— Hom(T(G"),U) —— Hom(T(G'),Cx) —— 0

Remark. «p is bijective, thanks to the duality at the beginning of the section. As a consequence ker(«) ~
ker(da) and hence ker(c) is a Q, vector space.

Proposition 5.2.6.
1) a and da are injective
2) ao, : G(Og) = Homr, (T(G"),Uc,.) and dao, : Homr, (T(G'),Ck) are bijective.

Proof. 1. e It is enough to show that « is injective when restricted to G(Ok).
Indeed, if we know this we also know, by the previous remark, that it is injective on log(G(R)),
that spans tg(K) as Q, vector space thanks to 5.2.5. But then we can factorize da in the
following way: tg(Ck) ~ ta(K) ® Cx — Homr, (T(G"),Ck) ® Cx — Hom(T(G"),Ck) so
what want follows from the following;:

Claim For every Cg vector space with a semi linear action of I'x the map WI'x @ Cx — W
is injective.
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Proof. Suppose that e; € W' are linearly independent and take the shortest relation
> aze; =0 in W with a; = 1. Then, since e; is invariant, we get for every o € T';,

Z(a(ai) —a;)e; =0

Since a; = 1, we get o(a;) = a1 and hence a shorter relation. As a consequence, o(a;) = a;
for every i and hence, using A.4.6, a; € K, a contradiction. O

Ker(a) N G(Ok) is a vector space.

For this it enough to show that G(Oc, )'* = G(Ok), since taking invariants in left exact and
send vector spaces to vector spaces. Taking invariant of the exact sequence 0 — G°(O¢,) —
G(Ocy ) — G&(Ocy ) — 0, we get get a commutative diagram with exact rows:

0 —— G°(Og) ——— G(Og) ——— G¢*(Og) —— 0
0—— GO(OCK)FK R — G(O(CK)FK R — Gét(OCK)FK
Now the last vertical map is an isomorphism and also the second thanks to the fact that
GY(Ok) =mp,. = (M, )™ = GO(Ocy)"™

using again A.4.6 and 5.2.4. The snake lemma gives us the result.

Now we show that it is injective on G(Ox ). We just need to show that G°(Ox )Nker(ao,. ) = 0.
Indeed, if we know this we are done since ker(a) N O is torsion free (is a Q, vector space) e
G®(Of) is torsion thanks to 5.2.4. Now observe that we have a commutative diagram with
injective vertical maps:

GO(Ox) —2 Hom(T((G°)),Cx)

| |

G(Okg) —*— Hom(T(G"),Ck)

So we see that G°(Ok) N ker(ap,) = G°(Ok) N ker(a®). So we can assume that G is
connected and we have to show that ker(a) N G(Ok) is zero. ker(w) is a vector space and
hence it is divisible. But G(Ox) = mg,  and, since the valuation on Ok is discrete, all the
divisible submodules of mg, — are trivial.

We know that the map are injective by the previous point. First we show that it is enough
to prove that coker(dao, ) = 0. In fact, by left exactness of the fixed point functor, we have
coker(dao,. ) C coker(da)'® and coker(ao,. ) C coker(a)l'x.

Moreover coker(a)l'® ~ coker(da)'%, so that coker(ao, ) C coker(dao, ) and so the claim
follows.

Since cocker(dae, ) is a K vector space, it is enough to show that
Dim(Homr, (T(G"),Ck) = Dim(G)
By injectivity of dap, and duality we have
Dim(Homr, (T(G"),Ck) > Dim(G) and Dim(Homr, (T(G),Ck) > Dim(G’)

To conclude the proof it is enough to prove the following two facts.

— Dim(Homr, (T(GQ),Ck) + Dim(Homrp, (T(G'),Cx) < h
Observe that, by the duality explained at the beginning of the section, we have

Hom(T(G'"),Z,)(—1) = Hom(T(G"),Z,(1)) = T(G)
. Tensoring with Cx and Z,(1) we get

Hom(T(G"),Ck) = T(G) ® Cx(1) = Hom(Hom(T(G),Ck),Ck (1))
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. So we have a ' invariant perfect paring
Hom(T(G"),Ck) x Hom(T(G),Ck) — Cg(1)

Taking fixed points we get that Homr, (T(G),Ck) and Homr, (T(G),Ck) are orthog-
onal to each other, using A.4.6, and hence that

Homr, (T(G),Ck) ® Cx Homr, (T(G'),Cx) ® Cx

are orthogonal to each other. Thanks to claim done in the proof before, we have that
are subspace of Hom(T(G),Ck) and Hom(T(G’),Ck) and so, by non degeneracy of the
pairing

Dim(Homr, (T(G'),Ck)) + Dim(Homr, (T(G),Ck)) =

Dim(Homr, (T(G"),Ck) ® Cx) + Dim(Homr, (T(G),Ck) ® Ck) <
< DimHom(T(G),Cx)=h

— Dim(G)+Dim(G’) = h Since all the number in play are stable by passing to the residue
field and base extension, we can assume that G is defined over an algebraically closed
field of characteristic p. We have the following commutative diagram of fppf sheaves with
exact rows, where F' is the Frobenius and V is the dual of the Frobenius, see A.1.23:

0 —— Ker(F) [Ny el 0
| L
0 0 G4, q 0

The snake lemma give us an exact sequence 0 — Ker(F) — Ker(p) — Ker(V) — 0.
Observe that Ker(p) = G and hence has order p". Ker(V) is the dual of the cocker of
the frobenius G} — (Ggp))’. But this has the same order of the kernel of this map and so
we are done if we show that the kernel of the frobenius has order p®™(%). We conclude
observing that the frobenius is a finite map of rank p® (&),

O

Proof. of 5.2.1 We have shown that there is a pairing such that Hom(T(G),Cg) and Hom(T(G"),Ck)
are orthogonal to each other. Hence we have an exact sequence 0 — t¢/(Cx) — Hom(T(G),Ck) =
Hom(Hom(T(G"),Ck),Ck(1)) = Hom(tc(Ck),Cx (1)) By a dimension counting we get that the last
map is surjective, and hence we have what we want using A.4.6. O

5.2.2 Orthogonality theorem

Let K be a p-adic field. We start with a semiabelian variety A, with connected component A°,
over R = Ok with reduction 0 — C — A} — B — 0, dimension g, toric part C' of dimension ¢ and
abelian part B of dimension a, so that g = a + t. Then we have that for every IV, thanks to the snake
lemma and the fact that the multiplication by IV is surjective on the toric part, an exact sequence
0 — C[N] — AY[N] — B[N] — 0, so that A[N] is finite of rank N**2*. Now A[N] is flat and quasi
finite, so that we can write A[N] = A[N];[[ A[N],,, with the first term finite group scheme with special
fiber Ax[N]. Now the sequence of (open and closed) subgroups C[N] C AY[N]; C A[N] over k lift to
a sequence of finite flat group scheme over R,thanks to A.4.4, A[N]; € A[N]} C A[N] over R. If we
put N = p” for n is varying, we get two p-divisible groups G = {A[p™];} and H = {A[poo](}}. Taking
generic fiber, we get two p-sub divisible groups of T;(A4), T;(A); and T;(A)s. Observe that the rank of
the first one is ¢, while the rank of the second one is 2a + ¢t and that, since it is true on the special fiber,
the first one has étale Cartier dual. If G is a p-divisible group, in this section we will denote with D(G)
the Cartier dual of it. Recall that we want to show that 7;(A)/T;(A) s is unramified as I', representation
so that it is enough to show T;(A)/T;(A); ~ D(T;(A’):), since étale representation of local fields are
unramified (all the étale group schemes become constant after a finite unramified extension). To prove
this we have just to show, thanks to some rank consideration (7;(A) has rank 2g) that T;(A) s and T3(A):
annihilate each other under the Weil pairing. To prove this it is enough to prove that every map between
T(A)s and D(T}(A’);) is zero. We do first some reductions and we start to show that it enough to prove
that Homg(H, D(G)) = 0.
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Lemma 5.2.7 (Main theorem of Tate on p-divisible group | D). For every p-divisible group G, H,
the natural map Hompr(G, H) — Hom(Gg, Hk) is bijective.

Proof. 1t is clearly injective and to prove that is it surjective we take a map f : Gx — Hpg. Consider
p-divisible group graph T'(f) C T(Gk) x T(Hg) and observe that it is a Z, direct summand, since the
quotient injects in T'(H) via the map (z,y) — y — f(z) and Z,, is P.I.D.. We claim that there exists a
p-divisible group F C G x H over R such that T'(Ex) ~ T(f). If we can prove this we are done. In fact
the natural map E — H is an isomorphism in the generic fiber and hence an isomorphism (it is enough
to check that £ and H have the same discriminant but thanks to 5.1.4 and 5.2.6 this is determined by
the generic fiber) and then the composition of the inverse of this map with the natural map G — E does
the work.

So we have just to prove the claim. Since it is a direct summand, T'(f) correspond to a sub p-divisible
group E* of the generic fiber and hence to a family of subgroup E. Then we can take E, the closure of
E*in G, x H, and we get a family {E, — F,;1}. Thanks to the claim in 5.1.3 for some w big enough

Eg*” form p-divisible group over R and they do the job. O

Now we pass from R to the residue field k thanks to the following

Lemma 5.2.8. For every p-divisible group G, H, the natural map Homg(G,H) — Homy(Gy, Hy) is
injective.

Proof. We start with a map such that f ® k = 0 and we want to show that f is equal to zero. By
induction we will show that f ® n}f = 0, this is enough since this shows that for every n and every v the
augmentation ideal, the kernel of the zero section O(H) — K is contained in ker(f}) +m™ and hence,
thanks to Krull intersection, in Ker(f,). So we have to show that if f ® % =0 then f® % = 0.
This is equivalent to show that if f ® % /m"™ =0 then f® % = 0 so that we have to show that if
I is an ideal of some complete local ring R killed by m and f mod I = 0 then f = 0. Moreover we can
prove that f o [p] = 0 since [p] is surjective in the category of fppf sheaves.

If G and H are étale then it is enough to observe that, since we are working over a complete ring, that
taking special fiber is fully faithful. If G is connected then we go to formal groups, using A.1.25, and
fis amap R[[x1,...,z,]] = R[[z1,...,2,]] such that f(z;) has coefficient in I (since f mod I = 0) and
zero constant term (since it must preserve the unit section). Then we have [p] o f(x;) = [p]hwhere h
has coefficient in I and no constant term so that it is zero since it pI = 0, I? = 0 and [p]h looks like
>, paiz; + g where a; € I and g as coefficient in 1%

So, using connected étale sequence, we are reduced in the situation when G is étale , and hence, up to a
finite base change, we can assume G = Q,/Z,, and H is connected. But then at every finite level v this
is a map p?Z — H, i.e. a family of element in H,(R") and H,, = Spec(R[[z1, ..., zn]][P"](z1, ..., Tn))-
The map is zero mod I, so this elements go to zero in H,(R/I), so that the map is zero since every of
this element is killed by p (pI = 0). O

Now we are almost done. Observe that the special fiber of G it T[p®°] and that the special fiber of H is
AY[p*>°] so we are reduced to prove, thanks two the previous two lemmas, that Hom(A%[p>], D(T[p>])) =
0. It is enough to prove that Hom(T[p*]), D(T[p*°])) = 0 and Hom(B[p*], D(T[p*])) = 0. Up to a

finite base change we can assume 7 split and then T' = G,,,, so the statements become Hom(fipo-, %) =0
P

and Hom(B[p®™], %‘:) = 0. Hom(ppe, %) = 0 is clear, since the first in connected and the second
constant. For the second we can’t give a complete proof but we make some observation. If we take the
same statement with changing p with some prime [ different from the characteristic of the field, then the
statement Hom(B[l*], %) = 0 is an easy consequence of A.4.8. Indeed, everything is étale and so we
can pass to the associated I'y, modules and we have to show that Hom(T;(B),Z;) = 0. But, thanks to
A 4.8, the eigenvalues of the frobenius acting on T;(B) are different from 1, while on the second all the
eigenvalues are 1. This implies that there are no equivariant maps between them. When | = p, exactly
the same reasoning works changing the notion of I';, modules with the notion of Dieudonné modules and
étale cohomology with crystalline cohomology.. O

5.3 Conclusion of the proof: Faltings height is an height

In this section we will give a sketch of the proof of the following theorem:
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Theorem 5.3.1. For every integer g > 1 and even integer r > 2 there exists a constant C(g,r), that
depends only on g and r such that the following holds.

Let A an abelian variety of dimension g defined over Q equipped with a principal polarization defined by
some symmetric ample line bundle L. Then

(A, L) = She(A)] < Clo,log(ma(d(4,17),1) +2)

This is enough to prove the Tate conjecture. Indeed we take an abelian variety over a number field
K and to prove the conjecture we can enlarge our ground field with a finite extension and replace A
with an isogenous abelian variety, so that we can assume, thanks to 3.2.4 and 4.3.1, that A is principally
polarized by a symmetric line bundle and with semistable reduction. Recall the setting of 1.2.3 3). Fix a
sub [ divisible group of G = {G,} of A[l*°] over k such that B, := G%L} are all principal polarized by a
symmetric line bundle. We have to show that the B,, fall into finitely many isomorphism classes. Then,
thanks to A.1.36, all the B,, have semistable reduction. Using A.1.16 we find a finite extension F' such
that a delta structure is defined over it. Using 5.1.1 and 5.3.1 they have bounded delta height so they
fall into finitely many classes as polarized abelian variety over K, using A.3.2. So by 3.3.4 they are fall
into finitely many isomorphism classes, as polarized abelian variety over F. Now just observe that, as in
the proof of 3.3.4, using A.1.17 and 3.3.3, this implies that they fall into finitely many classes over K.

5.3.1 Comparison of heights

There are several ways to prove the comparison theorem or some of its possible variants. The common
point, of all of them is the use of Arakelov geometry. The original approach of Faltings pass trough a
compactification A, of A4, a coarse moduli space for principally polarized abelian varieties of dimension
g, and some computations in the boundary of A, inside .4,. We will follow a different pattern, more
elementary, following | ]. We start giving the necessary definition from Arakelov geometry.

Arakelov Geometry

Definition 5.3.2. A metrized vector bundle on Ok is a pair (L, (| — |¢)o:xk—c), Where L is a vector
bundle over Ok and | — |, is a norm on L ®, C.

Definition 5.3.3. If L is a metrized line bundle we define it’s degree as
deg(L, (| — |o)a:xcc) = log ] ol ngnsna

where s is any non zero section of L.
If (L,(| — |s)) is any metrized vector bundle we define

Deg((L, (| = |5))) = Deg(Det(L, (| - |+)))
Remark. As in 5.1, one can show that the degree does not depend on the choice of s.

Definition 5.3.4. If X is a projective variety over K. A metrized vector bundle on X is a pair
(L, (| = |p,o)zex(k,),oc:k—c) Where L is a vector bundle over X and | — [, is a norm on each fiber
L, ®, C for every x € X(K,) that satisfies the following continuity condition: For every open subset U
of X and every s € H(U, L) the map

U(KO') — [O, +OO)

T = ‘fT|”c,0
is continuous

Remark. Metrized vector bundle are stable for all the usual operation on vector bundle, like finite direct
sums, tensor products, determinants, duals and pullback.

Definition 5.3.5. If x € X(Ok) and L is a metrized vector bundle, we define the degree of L at x as

Degz*L and the height of L at = has hy(z) := [K g Degz™ L
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Ezample. The Faltings height of an Abelian variety A, defined in 5.1.2, can be seen as the degree of a
metrized line bundle. Indeed if 7 : A — Ok is the Neron model of A with unit section € , we can make
Q9 /o, @ metrized line bundle observing that

(7% 0,) @0 € = HO(A,(C), 05, )

and defining a norm on this space by

Then we get hp(A) = [K—I{D]Deg(w*Qi/oK, (| —1s))

Ezample. Also the usual height on the projective space can be recovered as the degree of a metrized line
bundle of P". Indeed we can make O(1) a metrized line bundle setting for every f € H°(P} ,O(1)) and
every P € P"(K,):

|fplop = minoﬁiﬁnaxi(p);ﬁOU;(P)Lf)
1

where the z; are the canonical generators of Opn(1). Then one has h(P) = [K{Q] DegP*L for every
P e P"(Ok).

Finally we recall an important invariant associated to an ample line bundle L over A. The choice
of a basis of global sections induces a map f : A — P% and an isomorphism f*Opn (1) ~ L. With this
isomorphism L becomes a metrized line bundle and hence give as a function hy, : A(K) — R.

Theorem 5.3.6. There is a unique quadratic function
hy : A(K) - R
such that hy = hy + O(1) and hz(0) = 0 and does not depend on the choice of the basis.
Proof. | | Theorem 9.2.8 O

Definition 5.3.7. The Neron Tate height associated to L is the unique function hz, : A(K) — R in the
previous theorem.

Comparison

Let A be a g-dimensional principally polarized abelian variety defined over K whose polarization is
induced by a symmetric ample line bundle. Let r be an even positive integer. We will assume that all
the 72 torsion points of A are rational enlarging our base field if needed. Observing that K (L") = A[r?,
choose a delta structure over K and a rigidification of L at the origin, i.e. an isomorphism between the
fiber of L in 0 and K. We note that a delta structure determines a family of isomorphisms i, : t;LTQ —
L™ for z € Alr?], and the choice of the rigidification determines an isomorphism j : [r]*L — L™ . For
any z € A[r?] define

Wyt H(A,L) — H(A,L™)
s iy 0ty 0 j o [r]"(s)
and

Vi@ ape HO(A, L) — HO(4, L)

Alr]

s Z Y (8)

Alr2
we S

an observe that is a non zero map, such that the image is an equivariant subspace of H%(A, LTQ) under
the action of G(LTZ). By 4.1.4 and counting dimension this map is an isomorphism. We will study the
height of A with respect to a delta structure on L™ and we will denote it with d(A, LT2).

The key input comes from the existence of the so called M.B. model (B, £", (€z)zea[r2)) over a finite

extension N of K, of A, where B is a quasi projective group scheme 7 : B — Spec(Ok) over Ok, £ s
a metrized line bundle over B and, for every z € A[r?], €, is a section Spec(Oyn) — B. The tree main
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properties of B that will allow us to get the comparison are the fo2110Wing. First of all, the Faltings height
of A is related to the degree of the metrized vector bundle 7, L" , with the following equality:

alegmﬁr2 1 g
——— = ——hp(A) — Zlog(2
g = e~ les(am)
Secondly, there exists an isomorphism i : Az — By such that the geometric point associated to e,
corresponds to = € A[r?](K), for every z € A[r?]. .
Finally, the degree of the line bundle is related to the Neron-Tate height £, in the following way:

Deg(e5L")
[V: Q]

For details, see [ | Definition 3.1 and Theorem 3.4. With this B.M. model and the language of
Arakelov geometry, one can compare the different heights. In particular, we observe that for z = 0,

* 2
% = 0. Denote with F the metrized line bundle 7,£29 over On. The construction of Pazuki,

= hyp(x)

is based on the fact that, using the existence of a lifting of the isomorphism 1 : D, A2 H°(A L) —
AT

HO(A, LTZ) to an injection F C 7r*£’“2, one can construct a map iy : By — Pﬁg_l with the following
two proprieties:

1)When base changed to the algebraically closure (an composed with the isomorphism ¢) is the delta
embedding.

2)The heights satisfies the following equality:

. . 1 r29
hiin(x)) = hr(in(x)) R Degn, L
where hr is the height on P(Fy) ~ ]P’R,zg_1 attached to the metrized line bundle associated to Oz (1)
For details see | | pages 14-16-17, we just observe that the last equality can be deduced from an
isomorphism between two metrized line bundles, Ox(1) ~ m*7, L ® Op,29_, (1), and this partially explain
the power of a uniform language to deal with different heights.
By the properties of B.M. model explained before, we get for every x,

. . 1
Wi (@) = hz(in () + Shr(A) + Slog(2)
In particular, by the property 1 and the above formula applied to = 0, we get that
1
d(A, L) = hy(in(0)) + Shir(A) + Jlog(2m)

and so that to obtain the comparison one has just to bound hz(in(0)). To deal with this, the idea is
to use the inclusion F C mﬁ’"g to compare the degree of the two vector bundles and then use the fact

* 'r'2 ~
that % = hr(x) and that this is zero when applied to = 0. The inclusion F C 7T*L'"2 induces,

by adjuction, a map 7*F — L7, One can show that the image of this map is in the form IBF,CT2 for
some sheaf of ideals I, over B and we denote By the closed subscheme defined by I,. Using | ]
Theorem 3.4, we get that Bx has empty generic fiber and hence that €* Bx is a divisor that we will write
€Bp =3, 0w (£T27]: )p,. We will also consider their Archimedean counterparts, defined as

5 (L7 F) = Slog( 3 lw(0)

1<i<n

where u; is any orthonormal basis of F,, a subspace of H°(B,, £f,2). Then one can show the following;:

Lemma 5.3.8.

hz(in(0)) = —

[ le ) (Z Bo(L7, F)log(N(pn) + > B (L7, ]—'))

Proof. See | | Proposition 4.1.
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So we found:
AA.L7") = 5he(4) =~ (B Flog(V(po)) + 3 B2 7)) + Stog(2)

The next two propositions conclude the proof.

Lemma 5.3.9.

g (8 Pos(N ) < oot

Proof. See | | Lemma, 5.3.
Lemma 5.3.10.

| m S B.(L7°, F)| < Clg,r)log(maz(d(A, L7°),1) +2)

for some positive constant C1(g,r).

Proof. See | | Lemma 5.4, Proposition 5.5, Remark 1.2.
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Appendix A

Collection of facts

A.1 Generalities on Tate modules and abelian varieties

A.1.1 General theorems

Proposition A.1.1. FEvery abelian variety of dimension g over the complex number is isomorphic to

%g for some lattice A of rank g. Every isogeny between abelian variety f : % — % s induced by an

inclusion Ay — Ap with finite cokernel of deg(f).
Proof. See | ] Chapter 4.1 O

Proposition A.1.2. Every abelian variety over a field is isogenous to a product of powers of pairwise
not isogenous simple abelian varieties.

Proof. See | | Corollary 12.5. O

Proposition A.1.3. For every abelian varieties A of dimension g over a field k, the map Deg : End(A)®
Q — Q is a homogeneous polynomial function of degree 2g.

Proof. See | | Proposition 12.15 O

Proposition A.1.4. For every abelian varieties A over a field k and every o € End(A) there exists a
unique monic polynomial P, € Z[x] of degree 2g such that P,(r) = deg(a — r) for all r € Z. The same
is true if we change End(A) with End(A) ® Q and Z with Q.

Moreover P, is the characteristic polynomial of Vi(«) acting on V,(A) when | # char(k).

Proof. See | ] Theorem 10.9, Proposition 10.13 and Proposition 10.20. O
Definition A.1.5. Pic’(A): Vary — Ab is defined by the rule

L € Pic(A x T) such that L4+ is invariant by translation
and Lj(oy1x 4 is trivial

Pic®(A)(T) = {

Proposition A.1.6. 1)The functor Pic®(A) is representable by an abelian variety A’
-0/ A/ _ Pic(AXT)

2) Pic’(A)(T) = (P

3)A" = A

Proof. See | | Chapter 6 and 7. O

Definition A.1.7. The Poincaré bundle P4 of A is the universal line bundle on A x A’

Proposition A.1.8. (Pa)yxas is trivial if and only if t = 0.

It satisfies (m,n)*Pa = PR".

A line bundle L over A defines a morphism r : A — A’ such that (¢ xid)*Pa = m*L@p* L '®@q¢ L',
K(L) is the kernel of this morphism and it is the set of point of A such that t:L = L.

If L € Pic®(A), [n]*L = L™, ¢, = 0.

If L is ample ¥y, is an isogeny.

Proof. See | ] Chapter 6 and 7. O
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Proposition A.1.9. [n]: A — A is an isogeny and it is étale if and only if char(k) fn.
Proof. See | | Theorem 7.2. O

Proposition A.1.10. If f : A — B is an isogeny we have a perfect pairing ef : ker(f) x ker(f') — G,.
This pairing satisfies the usual property of the pairing.

Proof. We will prove it in chapter 2 section 1. For more details see | ] Chapter 7. O

Remark. Observe that if f is a polarization then the pairing is in the following form:

ker(f) x ker(f) — Gy,

Definition A.1.11. We will denote with e the perfect pairing associated to f =[n]: A — A, it is a
perfect paring A[n] x A’[n] = G,,. It is called the Weil pairing.

If X\ is a polarization we get a paring A[n] x A[n] — u, composing the previous paring with the map
id x \. Tt is called the Weil pairing associated to A and it is denoted with e’}

Definition A.1.12. A line bundle is said non degenerate if K (L) is finite.
An isogeny f : A — A’ is said a polarization if, in a finite extension K, is in the form )y for some
L € Pic(Ak). We say that f in principal if it is an isomorphism.

Proposition A.1.13. If char(k) fn then A[n](k) ~ (:Z)%.
Proof. This follows from 2.0.1 and the fact that if L is an ample symmetric line bundle [n]*L = . O

Proposition A.1.14. If A is an abelian variety over a noetherian henselian local domain S, then the
functor End(A|S) is representable by a finite unramified group scheme.

Proof. See | ] Proposition 7.14 for fields, the same proof works over henselian local domain. [

Proposition A.1.15. Ifp: G — S is a group scheme with unit section €, then Qé/s ~ p*e*Q};/s. IfG
is smooth and S is a local ring Q};/S is free of dimension G

Proof. See | | Proposition 2 Pag. 102 O

Proposition A.1.16. /. | Let A be an Abelian variety over a field K, and let m be a natural number
not divisible by the characteristic of the field. There exists a finite separable extension L such that if B
is an abelian varieties isogenous to A, then all the m torsion points of B are L rationals.

Proof. 1t is enough to deal with d = [ for some prime [ different with the characteristic of the field.

Then consider G = Im(p) where p : T — GL24(T;(A)). Up to replace k with a finite extension we can
assume that G C 1+ [M;(Z;). Then it is a pro-l compact l-adic Lie group thanks to Cartan’s Theorem.
Observe that K(B[l"]) C K(A[l*°]) and its degree over K is bounded by some constant C' that depends
only on g,l,n. Consider the intersection of the kernels of all the maps from G to finite groups with order
less or equal to C. By | ], Corollary 1.21, it is an open subgroup U. The extension associated
to p~1(U) is the required extension. O

Proposition A.1.17. Let (A, L) be a polarized abelian variety over a field k and K a Galois extension
of k. The the set of isomorphism classes of polarized abelian varieties over k that are isomorphic to A
over K is in bijection with H'(Gal(K|k), Aut(Ak, Li)).

Proof. See [ ] Proposition 5, Page 131 for the proof for general quasi projective varieties. The proof
show that everything works in same way adding the dependence from a polarization. O
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A.1.2 Tate module, Neron model and good reduction

Definition A.1.18. We say that a sequence of group scheme 0 - H — G — F — 0 is exact if the first
map is a closed immersion and the second identifies F' with the categorical quotient of G and H.

We recall the following theorems.

Theorem A.1.19. 1)There is an equivalence of categories between étale finite group scheme over a field
k and T}, discrete modules.

2)If k is of characteristic zero, then every finite group scheme is étale .

8) There exists two ezact endofunctor (—)° and (=) in the categories of group scheme over k such that
every finite group scheme G fits in an exact sequence

055G 5G—=G%=0

and G4 is étale and G° is connected.
4)The last point is true if we change k with a complete noetherian local ring and we assume G flat.

Proof. 1)is | ], Theorem 12.2, 2) is | ], Theorem 13.2, 3 is | | Proposition 15.3, 4 is | ]
L06 Theorem 16. O

Definition A.1.20. Let R be a ring. A p divisible group over R of height h is a collection {G,,, iy, :
G, — Gpi1}nen such that G, is a finite flat group scheme of rank p™ and the sequence

i p
0— Gn - Gn-i—l — Gn—i—l

is exact

Theorem A.1.21. 1) There exists an equivalence of categories étale p-divisible group over a field k and

Ty discrete Z, modules.

2)If we consider hﬂ G; as a fppf sheaf, then the multiplication by p is surjective and this give us an
. T . . . .

embedding of the category of p divisible in the category of fppf sheaves.

3)There exists two exact endofunctor (—)° and (—)¢ in the categories of p divisible group over k such

that every p divisible group G fits in an exvact sequence

055G >G—>G%=0

and G is étale and G is connected
4)The previous point remains true if we change k with a complete local ring.
5)The multiplication by p™ induces an exact sequence

0= Gy 5 Gosw 25 Gy — 0

where i is the composition of the necessary i;.
Proof. See | | Chapter 3.6 O

Ezample. 1)G,,(p)y := fpv
2)A[p*>], := A[p"], if A is an abelian variety.
zZ
VR, =
Definition A.1.22. If G is p-divisible group over a domain with fraction field G, we define

T,(G) == ImG,(K)  &(C) :=lim G, (K)

where the limit is taken first with respect to the projection and then to the inclusion. Moreover we define
Vo(G) =T,(A) @ Q,
If A is an abelian variety we define T, (A) := T,(A[p>)) and V,(A) in the same way.

Ezample. If A is an abelian variety of dimension g and [ is different from the characteristic of the field,
then T;(A) is a free module Z; of rank 2g.
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Proposition A.1.23. If G is a p-divisible group or a finite group of order a power of p over a field of
characteristic p we have a morphism induced by the Frobenius F : GP) — G and a morphism induced by
the dual of Frobenius V : G — GP) such that Vo F = [p| = Fo V.

If G is p divisible then V and F' are epimorphisms in category of fopf sheaves.

Proof. See [ | Chapter 14 and 15 for the statements about group schemes. The proofs are similar for
p-divisible groups. The last statement follows from | ] 10.13. and | | Proposition 15.6 O

Definition A.1.24. Let R be a noetherian complete local ring with residue field k of characteristic
p > 0. Let B = R][x1,...,2,]] and e : B — R the map that send each z; in 0. A formal group over R
of dimension n is a map B — B&prB, where the latter is the completed tensor product, such that m is
coassociative and cocommutative with e as a counit.

A formal group is said divisible if the multiplication by p is finite free. We will denote with I the ideal

(T1, ., Tn)-

Theorem A.1.25. The functor that send a divisible formal group B to the connected p-divisible group
{([pv]L*A)}UEN gives an equivalence of categories between the category of divisible formal groups and the
category of connected p-divisible group.

Proof. See | | L9, Page 10. O

Definition A.1.26. If G is p-divisible group over a complete noetherian domain we define the tangent
space to G, tg, as the tangent space of the formal group B associated to the generic fiber of G° and
Dim(G) = Dim(tg)

Definition A.1.27. Let R be a domain with fraction field K and A an abelian variety over K. A Neron
model A for A is a smooth, commutative, separated and quasi projective group scheme with generic fiber
A and such that Hom(X, A) = Hom(Xf, A) for every smooth separated scheme X over R.

Observe that if it exists it is unique up to a canonical isomorphism.

Theorem A.1.28. If R is a Dedekind domain, with fraction field K and A is an abelian variety over
K there exist the Neron model of A over R.

Proof. See | | Theorem 3 Pag 19. O

Definition A.1.29. Let R be a domain. A commutative smooth connected separated quasi projective
group scheme G over R is a semiabelian variety if there exists an exact sequence of group scheme

0—-T—-G—=A-=0

where T is a torus and A is an abelian variety.

Definition A.1.30. Let R be a domain with fraction field K and A an abelian variety over K. We
say that A has good reduction at same place v of R if the base change of the connected component of
the Neron model of A at that place is an abelian variety. We say that A has semistable reduction at
same place v of R if the base change of the connected component Neron model of A at that place is a
semiabelian variety.

Proposition A.1.31. Let R be a domain with fraction field K and A an abelian variety over K. Then
it has good reduction outside finitely many places.

Proof. See | ] Theorem 3, Page 19. O

Theorem A.1.32. Let R be a complete discrete valuation ring with fraction field K and A an abelian
variety over K. Then there exists a finite extension L of K such that A acquires semistable reduction.

Proof. See | | Theorem 1 Pag. 181. O

Corollary A.1.33. Let R be a Dedekind domain with fraction field K and A an abelian variety over
K. Then there exists a finite extension L of K such that A acquires semistable reduction at every place.

Corollary A.1.34. Let R be a Dedekind domain with fraction field K and A an abelian variety over K
with semistable reduction. Then the connected component of the Neron model is stable by base change

Proof. See | | Corollary 4 Pag 183. O
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Proposition A.1.35. Let R be a complete discrete valuation ring with fraction field K and A an abelian
variety over K. Then A has good reduction if and only if the representation on T;(A) is unramified.

Proof. See | ] Theorem 1 O

Proposition A.1.36 (Unipotent). Let R be a complete discrete valuation ring with fraction field K and
A an abelian variety over K. Then A has semistable reduction if and only if the action of the inertia on
T,(A) is unipotent.

Proof. See | ] Theorem 5 Pag 183.

A.2 Some non commutative algebra

Theorem A.2.1. Let R be a k algebra and E = Endi (V) for some faithful semisimple R module V.
Then Centrg(Centrg(R)) = R

Proof. See | | Thm. 4.10 O
Theorem A.2.2. In a semisimple algebra every right ideal is generated by an idempotent
Proof. This is a classical result. The nicer proof is in | | L20, Proposition 4.4. O

Theorem A.2.3. If A is semisimple algebra over a field of k of characteristic zero, then A ®y k' is
semisimple for every field extension k — k'.

Proof. See | | Proposition 5.2. O

Theorem A.2.4. Let R be any Dedekind domain whose quotient field is a global field. Then for each
R order A in a semisimple K algebra A, and for each positive integer t, there are only finitely many
isomorphism classes of right A lattices of R rank at most t

Proof. See | | Theorem 26.4 O

Theorem A.2.5. Let A be a semisimple K algebra, where K is the quotient field of a moetherian
integrally closed domain R of characteristic zero.
1) Every R order is contained in a mazimal R order in A. There exists at least one mazimal R order in

A.
2)Let A be a mazimal order in A. Then every right A lattice is projective.

Proof. See | | Corollary 10.4 and Corollary 21. 5 O

A.3 Some algebraic geometry

Definition A.3.1. Let K be a global field, i.e a finite extension of @, where Q is F,(T') or Q}. Let Qp

denotes the set of places of F', where F' is any finite extension of K and z = (z¢ : ... : ) € P"(K). We

define the height of x as
1

[F: Q]

where F' is any finite extension containing K(x1, ..., ).

h(z) =

Z log(mazo<i<n(|zilo))

vEQR

Remark. The height is well defined thanks to the product formula and the behavior of valuations over
finite extension.

Proposition A.3.2. With the notation of the previous definition, for everyn,m € N there exists only

finitely many point in P"(K) defined over an extension of degree smaller then n with heights smaller
then m.

Proof. See | | Chapter 6.2 and | | Example 9.4.20. O
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Theorem A.3.3. [Grothendieck duality] If f : X — Y is a smooth morphism of dimension g between
noetherian scheme and F € D(X),G € D(Y) then there is a natural isomorphism

Hompx)(F, (f*(G) ® wx/y)[g]) = Hompy)(RfF,G)

Proof. See | ] O

Theorem A.3.4. Let m: X — S be a proper morphism of noetherian scheme and let F be a coherent
Ox module which is flat over Og. Then:

1. If for some integer i there is some integer d such that for all s € S we have dimk(s)Hi(Xs, Fs) =d,
then Rim,F is locally free of rank d and (R 17w F)s ~ H' "1 (X, Fs) for every s € S

2. If for some integer i and some s € S the map
(R'mF)s — H' (X Fs)

is surjective then _ _
(R F)s — H'™H(X,, F)
is surjective if and only if Rim,F is locally free in a neighborhood of s.

Proof. See | | Section 12 and | | Theorem 5.12. O

Theorem A.3.5. Suppose that X — Y is a proper math between smooth variety. Then for every line
bundle L over X we have x(L) = Deg(chi(L)T'd(X)) -

Proof. See | | Corollary 3.8 for the proof and the notation. O

A.4 Some theory of complete local rings

Proposition A.4.1. Let G be a connected p-adic analytic group over some p-adic field K. Then for
every extension L on K and every x € G(L), ZiT ptx = 0.
n—-+0oo

Proof. See | |
O

Proposition A.4.2. Let G be a connected p-adic analytic group over some p-adic field K. Then for
every extension L on K there exists a functorial analytic homomorphism G(L) — tc(L) and it is an
isomorphism in a neighborhood of the identity.

Proof. See | ] O

Proposition A.4.3. If K is a number field there exists a finite extension such that every ideal become
principal.

Proof. The integral closure Z of Z in Q is a Bézout domain. The class group of K is finite. If I € Pic(O)
then I becomes principal in Z. The generator is defined in a finite extension. So I becomes principal in
a finite extension. Now just repeat the process for every class in the class group. O

Proposition A.4.4. Suppose that R is a complete noetherian local ring and G a quasi finite scheme
over it. Then there exists a unique decomposition G = G¥ [[G", where G7 is finite and G" has empty
special fiber. The formation of the finite part is functorial and preserve products so that it sends group
scheme in group scheme.

Proof. This follows from the Zariski main theorem and the fact that every finite group scheme of a
complete noetherian ring is disjoint union of local scheme. O

Definition A.4.5. Let K be a p-adic field and denote with Cx the completion of the algebraic closure
of K. A representation V of I'c is Hodge Tate if V @ Cx ~ ®,Cx (i)™. We say that a one dimensional
Hodge-Tate representation is of weight m if V ® Cx ~ Cx(m)
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Proposition A.4.6. Let K be a p-adic field, denote with Cy the completion of the algebraic closure of
K and let V be a I'i representation. Then:

1)H(Ck,Tk) =K.

2)H°(Ck (i), Tx) =0 ifi #0.

3)HY(Ck(i),Tx) =0 ifi # 0.

4)The Hodge-Tate weight of a one dimensional representation is well defined.

5)If V is unramified, then it is Hodge-Tate of weight 0.

6)If V is one dimensional and Hodge-Tate of weight 0, then the image of the inertia is finite.
7)HY(Ck (i), Ti) is in bijection with the set of isomorphism classes of continuous exact sequences 0 —
Ck(i) =W —=>Cxg —0

Proof. All of this can be found in | | O

Proposition A.4.7. Let G be a group, H a subgroup of finite index, K any subgroup and S = K\M/H.
Then for every representation V of H we have that

(Indg (V)| = @sesIndi (W)
where Hy, = sHs™' N K and W, is the representation of H, given by g+xx = s 'gs*xx

Proof. For the statement about finite group see | | Chapter 7,3 Prop. 22.. The proof in this situation
is analogous. O

Proposition A.4.8. Suppose that X is a smooth proper scheme over a finite field K of cardinality q.
Then the eigenvalues of the Frobenius acting on H,(A,Z;) have complex absolute value |q|?.

Proof. See | | O
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Appendix B

A proof of 4.3.2 without identifications

Theorem B.0.1. The map End(A) — T;(A) is surjective.

Proof. Recall the following commutative diagram:

ke H H -, K
T S
% Ps xS
rs Js is
kg +—=— 8

e Step 1. We have the following chain of inclusions:

ETi(rs) ET(w§) ET (i)~ (Enda (Ti(A))) Y ETi(ms) ETi(is) ™ (Ende(Ti(Ap)))
¢ Ende, (Ti(Ar,)) ¢ End(A,) @7 2 EA(rs)(End(A ) & 7,)

1) Is clear by the commutativity of the diagram.

2) Is clear since the action of G on T;(k) is compatible with the map 7g and is.
3) Here we use the induction hypothesis. We have the following commutative diagram:

R Ry H,, S K
R H s
Frac(3;) — Frac(ys) — 5
Observe that F rac(p%) is an algebraic extension of F’ rac(q%) and that n% is the separable closure
of Frac(p%), so that it is also the separable closure of Frac(q%). Moreover the natural map
Gs — Gal(Frac(q%)) is surjective and hence the two actions on Endg,(T;(Aks)) have the same

fixed point. But the transcendence degree of Frac(q%) is one less of the one of K, since s is of

height one, so by induction we have that Endg(T;(Aks)) C End(Aky) ® Z;.
4)We have to show that FA(rg) is surjective and we start observing that rg is injective. As in the
previous proposition we get the following commutative diagram

H H
End(A%hij)s e End(A%ths)

! l

Spec(ks) ——— Spec(p%)

An element in End(Ay,) is a map Spec(ks) — End(A |p£s) and hence, as in the previous propo-
Ps

_H
sition a map ** — kg for some ideal I of p%. But since rg is injective we get that I = 0 and hence
it comes from a section S’pec(p%) — End(Ai|p%).
Ps
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Step 2. ET)(ry)ET;,! (Endr, (T)(Ag)) € Nsen (IM(BA(m 1)) © Z4)

From the previous point we get ET) (%) ETi (i)~ (Endg(Ti(A%))) C End(A%) ® Z; for every
S. Applying ET; (w%) we get, thanks to the commutativity of the diagram at the beginning of
the proof, ET)(rg)ET)(ig) * (Endg(Ti(Aw))) C ETl(ﬂ'%)(End(A%) ® Z;). But the last term is
included in I m(EA(w%) ® Z;) thanks to the following commutative diagram:

End(Ai) QR Ly — End(AkS) K 7

End(T)(A x)) —— End(T;(Axs))

Ps

Step 3. Conclusion of the proof.
Thanks to the previous point and the lemmas in chapter 3, we get

ETy(np)ETy (i)~ (Endr (Ti(Ag)) © Nsem (Im(BA(m 1)) ® Zy) =

Ps
= (mSeMIm(EA(WPL))) ® Zy = ImEA(WH) ® Zy = EA(WH)(End(AH) ® Zl)
S
and hence that ET;(ig) ' (Endr, (T1(A%)) C End(Ag) ® Z;. Applying ET)(ig) we get
Endr, (T}(Ax) € End(Ay) ® Z; so that Endr, (Ti(Ag)) = End(Ag) ® Zy N Endr, (T;(Ag)).

To conclude, just observe that End(Ay) ® Z; N Endr, (Ti(Ax)) = End(Ax) ® Z; since the only
morphism that are fixed by the Galois are the one defined over K.
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Index of definitions and notations

Pic®, 42 p-divisible group, 44
Poincaré Bundle, 42
Delta null coordinates, 22 Polarization, 43

Delta structure, 20

Dual abelian variety, 42 Rosati involution, 17

Faltings height, 30

Formal group, 45 Semi abelian variety, 45

Semistable reduction, 45
Good reduction, 45

Tangent space of a p-divisible group, 45

Height, 46 Tate module, 44

Metrized vector bundle, 38 Th?ta group, 16
Thin set, 28

Neron model, 45

Neron Tate height, 39 Weil pairing, 43

Notations

In this thesis we have used the following convention:
e The letters k, K, F usually denote fields and k,K,F their algebraic closures.
e We denote the absolute Galois group of a field k as ', or as (k)

e More generally, we denote with 71 (X)) the étale fundamental group of a connected scheme, implicitly
assuming the choice of a base point.

e A B usually are used for abelian varieties and L, M for line bundles over them.

e The polarizations are denoted with A\ or with ¢);, when we want to emphasize that they come from
a line bundle L.

e P, denotes the Poincaré bundle of an abelian variety A.
e The projections A x A — A are denote with p, g or with my,ms.

e (& usually denotes a group scheme, the multiplication is denoted with m and the unit section with
€.

e The multiplication by n is denoted with [n] and its kernel G[n]
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